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Abstract 
In Light of recent experimentaL work, pion interactions with 
moLecuLes were found to be of great interest. TheoreticaL caLcuLations 
were therefore undertaken to heLp eLucidate and interpret some of the 
resuLts from these experiments. 
The formation of pionic moLecuLar orbitaLs for various two-centre 
systems was investigated. Pion eigenenergies and wavefunctions were 
obtained using the theory of one-eLectron diatomic moLecuLes, and from 
the energy curves, it was possibLe to cLassify -the states into 
moLecuLar bonding and antibonding orbitaLs. The Borrr-Oppenheimer 
approximation was shown to be vaLid by considering the ratio between 
the nucLear vibrationaL energy and the pion average kinetic energy for 
bonding states. 
The addition of eLectrons to the two-centre systems resuLted in the 
increase in the height of the potentiaL barrier between the two 
centres, and consequentLy the range of energies avaiLabLe -for the 
formation of moLecuLar orbitaLs was greatLy reduced. The number of 
atomic orbitaLs cLose to the barrier height was increased, and the 
resuLting density of states of atomic orbitaLs favoured a modeL of 
hydrogen transfer which invoLves a tunneLLing process across the 
barrier. 
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Chapter 1 
Introduction 
1.1 The Physical Properties of Pions 
i 
Pions were first predicted by Yukawa [11 in his explanation of the 
nuclear force by the continual exchange of -r-mesons, or pions, between 
nucleons. He gave the new particles the generic name of mesons (from 
the Greek I'mesos" meaning "middle") since their mass was predicted to 
be between the electron and proton masses. In 1937, Neddermeyer and 
Anderson [21 observed particles of approximately the predicted mass of 
the pion, in a cloud chamber experiment with cosmic rays. These 
particles later turned out to be A-mesons, or muons, which are not 
really mesons but leptons, since they are involved in the weak 
interaction and not the strong nuclear interaction. It was not until 
1948 that pions were first produced in the laboratory by Gardner and 
Lattes 133, using 380 MeV a -particles from the 184 inch 
synchrocyclotron at the University of California. 
Pions can exist in either the negative, positive or neutral charge 
states (the negative pion being the charge state of interest in this 
account). Negative and positive pions have the same rest mass of 139.6 
MeV/c2, approximately 273 times heavier than the electron. They are 
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unstable particles with a mean lifetime of 2.60x1O-8s. The decay mode 
which predominates is 
r+ -> /A 
++ 
VA (1.1) 
7r-> ýr+ -V /I 
but the processes 
7F- e- 
and 
7r*-> + pl, -+ ^1 
7r- > W, + TA + -Y 
also exist with a branching ratio of 1.2x10-4 per cent for each 
process. 
The neutral pion has a lower rest mass of 135.0 MeV/c2, and decays 
with a much shorter mean lifetime of 8.3x10-17s. by 
7A-> 'Y + 'Y 
with a branching ratio of 98.8 per cent, and by 
To > e* e- 
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with a branching ratio of 1.2 per cent. 
Pions can be produced by any nuclear interaction provided that the 
energy available is greater than 140 MeV and that energy and momentum 
conservation laws are satisfied. An example of such an interaction is 
a primary proton beam, produced by a synchrocyclotron, accelerated onto 
a beryllium target to provide negative, positive and neutral pions. 
The negative pions can be deflected from the synchrocyclotron by 
applying a suitablý magnetic field, and the beam can be focussed and 
energy and momentum selection achieved by using magnets. The negative 
pion beam will be heavily contaminated by electrons and muons. The 
former is caused by neutral pions decaying in flight into two 't-rays 
(1.4) which are then converted into electron-potitron pairs, mainly in 
the forward direction. The latter is due to the main negative pion 
decay mode (1.1) during the time of flight. It is necessary to 
discriminate against such contamination in pion beam. experiments. 
Electron contamination can be--reduced by the use of an electrostatic 
separator in the beam optics, and-muon contamination can be minimised 
by shortening the flight path of the pion beam from the target to the 
experimental area. 
Other physical properties of pions are zero spin (i = 0) and 
negative parity. , Hence, by definition, pions are bosons and are not 
restricted by the Pauli Exclusion Principle. These properties can be 
a 
investigated by various channels, such as 
r. -+ p -> ^/+ n (radiative capture) 
, P-+ p -> -PO 
-> 2-r, + n (charge exchange reaction) 
and 
'n 
- 
-it + 
1.2 Pion Interaction with Molecules 
(1.8) 
A negative pion, incident on a molecule, is initially slowed down 
from its beam energy by ionisation until its velocity is comparable to 
that of the valence electrons (v- a c, where a= e2Ar_). In condensed 
material, the time taken for this slowing down process is 10-9 to 
10-10s. [43, and in metals about jo-13 to 10-14s. The pion is 
then captured adiabatically from the continuum into discrete excited 
states of the mesic molecule or mesic atom. The capture process takes 
place in a region of high electron density, so that the overlap with 
the pion wavefunction is greatest. Very little is known about the 
physics involved in this process, with the exception of metals E53 
where the pion transfers its energy to the continuum electrons. The 
existence of pionic' mesomolecular orbitals is a postulation of the 
model of large mesic molecules, which will be described in detail in 
the following chapter. 
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Following capture, a cascade process takes place, starting at 
mesomolecular levels and down through to picnic atomic levels. In 
pionic atoms the cascade process occurs via non-radiative Auger and 
radiative X-ray transitions. Auger transitions occur when a pion gives 
up enough energy to a bound electron to eject it from its orbital. 
This process will result-in the depletion of electron states, which are 
subsequently replenished by electrons from higher orbitals [6]. The 
rate of electron refilling is thought to be extremely rapid, except 
for K and L shell core electrons of light nuclei [7,81. In X-ray 
transitions, the total energy of the system is conserved by the pion 
radiating X-rays as it drops to an orbital of lower energy. The 
transition probabilities for Auger transitions [63 and X-ray 
transitions [93 are given by 
<R 
7r e 7r 
WX 4L, 2 (AE) 
3<ýIýIý>12 
3t4c 3 
7r 7r 
where 4,7r and cP. represent the initial (supersc. ript i) and the final 
(superscript f) wavefunctions of the pion and electron respectively, 
R is the vector between the electron and the pion, r is the position .0 
vector of the pion and AE is the transition energy. Auger transitions 
predominate for high principal quantum number, n, since the Auger 
process is greatest for large electron overlap. X-ray transitions are 
favoured by the large energy separations of the lower levels and by 
large changes in n. They tend to mainly populate the circular orbitals 
(those with the largest possible angular momentum quantum number for a 
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given principal quantum number, ie. 1= n-1) in preference to states 
with a lower orbital angular momentum. The selection rules for both 
processes are An = integer, Al = +1 (with 1= -1 favoured) and 
Am = +1,0 (where m is the magnetic quantum number). The change of 
dominance from Auger to X-ray transitions occurs at lower n for smaller 
values of the atomic number, Z, of the atom. 
The cascade process is well understood in isolated pionic atoms. 
However, no calculations of Auger and X-ray transition rates between 
pionic molecular orbitals exist at present. The energy levels of a 
two-centre ZrZI system is shown schematically in figure 1.1, with the 
possible transitions from the mesomolecular orbitals to the isolated Zr 
and Z'r pionic atoms. The value of n which corresponds to the lowest 
orbital above the height of the barrier separating the two potential 
wells is given approximately by [101, 
no(Z) =[ ZR / [2{ 1+ 2(Z'/Z) 
1/2 13 jl/2 
where R is the distance between the two centres in mesoatomic units 
(see section 4.1). The derivation of this formula is given in Appendix 
A and some values of no for the different centres are presented in 
table 1.1. 
The complete cascade process takes place in about 10-10S. 
(approximately 100 times faster than the mean lifetime of the pion) 
thus making pion decay in matter a rare event. 
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Z zt no(z) no(7.1) 
H H 10 
c H 29 7 
N H 32 7 
0 H 35 7 
0c 28 22 
Table 1.1 : Values of no for Different 
Centres Z and ZI (R=500ar) 
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When the pion reaches the lowest atomic orbitals, its wavefunction 
overlaps with that of the nucleus and the pion is absorbed by the 
nucleus in a nuclear reaction. Pion absorption by the nucleus is 
manifested experimentally by the shifting, broadening and reduction in 
intensity of pionic-X-ray lines. Since capture probabilities of pions 
by nuclei are deduced from X-ray line intensities, these nuclear 
effects create many problems for the experimentalist. The'-2p-ls line 
is for example very weak, indicating substantial absorption from the 2p 
level. Pion atomic cascade codes can be used to predict the percentage 
absorption from different states. Von Egidy and Povel 171 have 
calculated the percentage absorption of pions from s, p and d states in 
carbon and oxygen in mylar (C5H404), and showed the importance of p 
state absorption. Sapp et al. [ill showed that 70 per cent of the p 
state absorption of pions in carbon present in graphite (CO is from 
the 2p state. 
Pion absorption results in star formation, which is the eventual 
disintegration of the nucleus and the emission of neutrons and several 
short-ranged charged particles. About 140 MeV of energy is provided to 
the pion-nucleus system if it is assumed that the pion has very little, 
if any, momentum just before absorption. Energy and momentum 
conservation laws [121 show that an absorption process involving a 
single nucleon 
+N -> (1.12) 
is greatly surpressed, and that the dominant processes must involve two 
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correlated nucleons 
7r +N+N -> N+N (1.13) 
at least. The emission of neutrons [13,143 and that of protons, 
deuterons, tritons, 3He, a-particles, lithium nuclei, beryllium nuclei 
and boron nuclei [15,161 bas been observed experimentally, and there is 
general agreement in the average number and average energy of each of 
these particles emitted per pion capture on different nuclei. Jackson 
I 
and Brenner [123 have compiled experimental data for charged -particles 
and neutrons produced by pion captures on 12C and 160, and these are 
presented in table 1.2. 
The physics which describes the pion from adiabatic capture into 
mesomolecular levels and during the cascade process, also applies to 
the negative muon; The muon is a fermion with a lower mais than the 
pion (105.7 MeV/c2) and with a longer mean lifetime of 2.200-6s. The 
important difference between the muon and the pion is that the muon is 
not a particle subject to the strong interaction, and hence star 
formation will not occur. A further consequence of the use of muons is 
the absence of shifting, broadening and intensity reduction of X-ray 
lines. 
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Average Total 
Average Number Energy per 
per Pion capture 
Particle Type Pion Capture (MeV) 
CARBON 
p 0.45 + 0.04 10.4 + 1.8 
d 0.33 + 0.03 6.3 + 1.1 
t 0.22 + 0.02 3.0 + 0.5 
3He 0.03 + 0.005 0.5 + 0.2 
0.62 -f- 0.06 5.5 1.0 
6Li 0.066 
7Li 0.066 
9Be 0.08 
10Be 0.12 
n 2.2 + 0.2 76.0 
OXYGEN 
ZZ1 ý0.95 + 0.05 1.52 + 1.0' 
0.99 + 0.07 7.8 + 0.7 
Z>3 0.78 + 0.03 4.4 + 0.3 
Table 1.2 : Production of Charged Particles and Neutrons 
Following Pion Capture by 12C and 160 
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1.3 kpplications of Pion Beams 
1.3.1 Pions Used in Radiotherapy 
The aim of radiotherapy in treating cancer is to apply a lethal dose 
of radiation to the malignant tissue, while at the same time minimising 
any unwanted effects to the neighbouring healthy tissue. This is 
especially true for certain cancers which develop in very awkward 
places, such as close to a main artery or the spinal column. In, all 
cases, if the treatment is to be effective, it is essential'to diagnose 
the presence of the cancer before it has time to spread from its 
original site. 
Important considerations in radiotherapy include the depth-dose 
distribution exhibited by -the chosen mode of radiation, the linear 
energy transfer (LET), the radiobiological effectiveness (RBE) and the 
oxygen enhancement ratio WER). The LET is defined by the energy 
transferred per unit track length (dE/dx), the RBE by "the ratio of the 
dose required of a standard radiation to produce a certain effect to 
the dose required of the radiation under consideration" and the OER by 
"the ratio of the dose required to give an effect under anoxic 
conditions to the dose required to give the same effect under 
oxygenated conditions". The standard radiation used in the definition 
of the RBE is usually If-radiation from a 60co source or 250 KeV X-rays. 
The OER is important since tumours have either a low level'of oxygen 
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(hypoxic condition) or no oxygen at all (anoxic condition), whereas 
healthy tissue has a good supply of oxygen. An ideal source of 
radiation will have a high LET, which is normally correlated with a 
high RBE. The OER should be as low, as possible in order to-protect 
neighbouring healthy tissue. 
The use of negative pions for the treatment of local tumours by 
radiotherapy has many advantages over conventional modes of radiation 
(such as high energy X-rays, electrons and 60co-y-rays) and also over 
other heavy particle modes (such as neutrons, protons and certain heavy 
ions). These advantages are s=marised in the following paragraphs. 
The rate of energy loss, dE/dx, of an ionising particle in a medium 
is governed by the Bethe-Bloch formula, which approximates to 
dE/dx a (Z/v)2 (1.11) 
for energies I << E << Mc2, where Z is the charge of the particle, v is 
its velocity, M02 is its rest mass energy and I is the mean ionisation 
energy of the medium. Thus pions, like other charged particles, will 
have a depth-dose distribution curve characterised by an initial 
plateau followed by a Bragg peak at the end of range depth, where the 
velocity of the particle reaches a minimum. This is in direct contrast 
to uncharged particles and II-rays which are exponentially attenuated. 
The great advantage of a Bragg peak is that by choosing a suitable 
incident energy for the pion beam, the end of range distance can be 
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focussed in the region of the tumour, thus giving maximum dose where 
required and a lower dose to the surrounding tissue. An extra 
advantage that negative pions have over other charged particles is the 
addition of a star peak over the the Bragg peak at the end of range, as 
shown in figure 1.2. The star peak results from the high LET of the 
many short-ranged charged particles emitted by star formation. These 
particles compensate for the rather low LET of pions [171 when compared 
to heavier particles of greater charge. They also contribute to a 
favourable value of the RBE in the peak region, as well as increasing 
the difference in RBE between the peak and plateau regions of the 
depth-dose curve [181. As with other heavy particle modes (with the 
exception of helium and carbon ions), negative pions have a relatively 
low OER of 2.2 in the peak region [191. It would however be more 
desirable to have an OER for pions closer to unity, as this would be of 
better therapeutic value. From table 1.2 it can be seen that the 
average number and average energy of short-ranged particles emitted 
after star formation differ significantly even for nuclei so close In 
atomic number as carbon and oxygen. Thus it is essential to predict 
correctly atomic capture rates on carbon, oxygen (and other nuclei) in 
biological molecules and biological tissues, if pions are to be used 
safely in radiotherapy. 
Despite the obvious difficulties and high costs of producing a pion 
beam facility solely for medical purposes, limited clinical trials have 
taken place at TRIUMF (Vancouver, Canada), LAMPF (Los Alamos, U. S. A. ) 
and SIN (Zurich,, Switzerland) with encouraging results. 
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1.3.2 Pions Used to Determine Chemical Structure 
Several independent experiments at TRIUMF, SIN and Dubna (U. S. S. R. ) 
have shown that negative pions are very sensitive to the chemical 
structure of molecules. The experiments are considered in the 
following chapter and the resultsAnterpreted with a general model of 
pion capture by molecules. 
The formation of pionic molecular orbitals is an essential 
assumption of this model. A study of the formation of such orbitals 
and a classification of bonding and antibonding states is necessary to 
throw light on the validity of the assumptions made and to fix some of 
the variable parameters used in the model. An investigation of the 
Born-Oppenheimer approximation is also required for the pionic 
molecular states, since this is largely overlooked in the relevant 
literature. The effect of adding electrons associated with a molecule 
must also be considered as previous analysis ignores their presence. 
With an improved understanding of pion capture by molecules, it may 
be possible to use pions to directly probe the nature of bonds between 
different constituents of various molecules, and to detect the presence 
and position of individual atoms. Muons have perhaps a greater 
potential use for structure studies as more information can be deduced 
from muonic X-ray lines than from pionic X-ray lines. 
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Chapter 2 
Models of Pion Capture by Molecules 
Several models exist for the capture of pions by molecules. The 
simplest of these make no allowance for molecular effects, but recent 
experimental data suggests the necessity to incorporate picnic 
molecular orbitals in the relevant theory. 
2.1 The Fermi-Teller Law 
The earliest model of pion capture is that which yields the 
Fermi-Teller la w (also known as the Z-law), which predicts that the 
probability of capture, W, on an atom present in a molecule is linearly 
proportional to the atomic number, Z, of the atom 153. Thus if there 
are N atoms of the same type pre. sent in a molecule, 
W(Z) a NZ (2.1) 
The Fermi-Teller law was derived theoretically by considering the 
continuous energy loss of a meson moving in a degenerate electron gas, 
and by assuming that the capture probability on a particular atom 
18 
present was proportional to the energy loss, close to that atom, of the 
meson as its kinetic energy tends to zero. 
IN, 
Violations of the Fermi-Teller law were found in early capture ratio 
experiments (summarised by Baijal et al. [201). More recent 
experiments with inorganic materials [21,22) and with a wide range of 
biological molecules and tissue equivalent materials [23,241 have shown 
similar results. In a study of muon capture probabilities on atomic 
nuclei in various chemical compounds, Bobrov [251 showed that the 
affinity of the muons to electrons played an important role in the 
capture process, and suggested that the omission of this was a possible 
cause for the departure of experimental data from the Z-law. 
The assumptions of the Fermi-Teller law have been -further 
investigated by several groups, and new expressions for the capture 
probability have been deduced: 
w(z) a z2/3 (2.2) 
W(Z) a zl/31og(O. 5TZ) (2-3) 
w(Z) a Zl/31og(1.15Zl/3)2 (2.4) 
([26,27,281 respectively). Petruhkin et al. [291 obtained another 
expression by assuming that the energy loss of the meson is 
proportional-to the relative stopping power. 
w(Z) a (zl/3-1) (2.5) 
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However, these improved laws do not seem to be able to accurately 
reproduce atomic capture probability data 1301. 
2.2 The Model of Large Mesic Molecules 
The model of large mesic molecules was first introduced by Ponomarev 
[211 to try to explain experimental data relating to pion capture on 
chemically bound hydrogen in molecules of the type Z kHm. It has since 
been reformulated by Schneuwly [221 to include more complex molecules, 
as will be discussed in the following section. 
The signature ot pion capture on hydrogen is the charge exchange 
reaction (1-7) which is greatly suppressed for capture on other heavier 
nuclei except for 3He E311. The charge exchange reaction competes with 
the radiative capture process (1.6). and the experimentally observed 
ratio between the two processes (known as the Panof3ky ratio) 13 
approximately 1.5 E323. A third process 
r- p -> n+ e* + e- (2.6) 
is also known to occur, but with a much reduced probability E321 of 0.1 
of the probability of radiative capture. The charge exchange reaction 
is therefore responsible for 60 per cent of all nuclear captures. it 
is measured experimentally by detecting the coincident emission of two 
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7-rays, from the decay of a neutral pion, using Cerenkov total 
absorption spectrometers. Such experiments have been carried out 
extensively at Dubna 133,34,35,361 on bound hydrogen, and it was found 
that the charge exchange reaction was strongly suppressed in comparison 
to free hydrogen. Normalising the charge exchange reaction on pure 
hydrogen, H 2, to be unity, the probability of the same reaction was 
measured as 3.5x10-2 in UH and 3.5xio-3 in H20. Measurements an 
equivalent mechanical mixtures E371 of N2H4 and N2+2H2 showed the 
probability to be 30 times greater in the second of the two mixtures. 
A z-3 dependence of the charge exchange reaction was also deduced from 
these experiments, for atoms with an atomic number of less than 
approximately 9. 
The important difference between the model of large mesic molecules 
and the Fermi-Teller law is the introduction of a mesomolecular system 
z kIrlim and the possibilitY of the pion being captured into molecular 
orbitals, as well as atomic orbitals. Using this model, the capture 
probability of a pion on bound hydrogen in a molecule ZkHm is given by 
the product of three probabilities for three processes occurring. 
W (H) aW lW2W3 (2.7) 
where W1 refers to the probability of the formation of a pionic 
molecular orbital, W2 to the probability of de-excitation from that 
molecular orbital to a pionic hydrogen atomic orbital, and 1-W 3 to the 
probability of transfer of a pion from pionic hydrogen to a heavy atom 
of the type Z. 
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W1 is usually taken to be proportional to the ratio of the number of 
valence electrons in molecular orbitals to the number of electrons in 
the whole system E221, 
Wi =8 
'RZ m 
(2.8) 
where a is dependent on the type of bond between the atoms and on the 
ionisation energy. This probability assumes that all electrons, 
whether belonging to hydrogen or to the atom Z, are equivalent, and so 
effectively allows the Z-Iaw to be valid for the first stage of pion 
capture. 
The probability W2 can be determined from transition rates t221 from 
molecular levels to levels of the pionic hydrogen (wH) and to levels of 
the pionic heavy atom NZ), since W2 is given by, 
2 WH - WH 
+ WZ 
(2.9) 
According to experimental work by Ponomarev E383, wZ is approximately 
given by 
wZ r . 1010z2 sec-1 
(2.10) 
and so (2.9) become3 
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W2 
.. 
1 
1+ Z2 
(2.11) 
The model does not allow the pion to be captured directly into 2 
hydrogen atomic level without first passing via a molecular orbital. 
The reason for this is that the only available electron of the hydrogen 
atom is used to maintain the chemical bond [4]. Direct capture is 
however allowed for the Z atom. It is this fact and the low 
probability of the transition of the pion from the common molecular 
orbitals to the isolated hydrogen levels, which leads to the 
suppression of the charge exchange reaction in bound hydrogen. 
The final probability is usually taken to be unity. According to 
the Dubna group, the transfer mechanism 
+Z -> +Z (2.12) 
requires the formation of a neutral pr- system which "wanders" through 
the molecule until it collides with a heavier atom, and is captured by 
that atom. It was this process which was originally proposed as the 
cause of the suppression of the charge exchange reaction on bound 
hydrogen. A pressure dependence seemed likely as the more condensed 
the target molecule, the greater the probability of transfer. Charge 
exchange experiments 1391 carried out on different saturated 
hydrocarbons (CkHm with m 2k+2) at various pressures did not show 
such a pressure dependence, and so the probability of the transfer 
process Was taken to be negligible, so that 
23 
3-1 '0 (2.13) 
Hydrogen transfer is expected to occur because simple Bohr theory gives 
the binding energy of a pion with principal quantum number n as 
Bn 2 -m 
. 
C2 (Za)2 
2n2 
(2.14) 
and so a pion in a weakly bound hydrogen orbit will prefer to be in a 
more tightly bound orbit around the heavier atom Z. 
Thus, using the above model, Ponomarev was not only able to explain 
the suppression of the charge exchange reaction on chemically bound 
hydrogen, but also the empirical z-3 dependence, since 
W(H) 2amI. am z-3 (2.15) 
kZ 4. m Z2 k 
2.3 The Mesomolecular Model 
In h13 general formulation of the me3omolecular model E223, 
Schneuwly retained the basic idea of mesomolecular orbitals from the 
model of large mesic molecules, but expressed the processes relating to 
the probabilities W, and W2 in a different way. 
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According to Schneuwly, only core electrons with a binding energy 
less than a certain value are able to participate in a capture process. 
The capture by core electrons is given by an effective electron number, 
,p 
(Ei) 
ni (2.16) i 
where p(Ei) is the efficiency function of an electron in a level i with 
a binding energy Ei and ni is theý population of that level. The 
efficiency function P(E) is dependent on the binding energy, Et' and is 
given by 
(E) c1 for E < E0 (2.17) 
=0 for E > Eo 
for the "rigid boundary" model E221, and by 
P (E) cI for E < E0 
= exp [ -((E-Eo)/Ec, 2 for E > Eo 
for the "smooth boundary" model [401, where Eo and Ec are parameters to 
be determined. Capture' by valence electrons is proportional to the 
number of valence electrons, v, and so the capture probability on an 
atom Z is given by 
W(Z) an+ 2vw (2.19) 
where w is the transition probability from a mesomolecular orbital to 
an atomic orbital around Z. This probability is a function of the 
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electronegativity and the percentage ionic character of the bonds which 
involve'the atom Z [401. 
Horvath and Entezami E411 have used the above model to fit 
experimental capture ratios for 321 different binary systems and have 
shown that it gives better chi-square values than the other models 
used. The same model was Used by van Egidy et al. E421 to fit 
experimental muonic Coulomb-capture probabilities, and good agreement 
was obtained. 
The model Used by our group at Surrey University is very similar to 
the one formulated by Schneuwly with the exception of the dependence of 
the electron binding energy in the-capture process on core electrons. 
Our model does not have any such dependence and the probability of 
capture on core electrons is simply proportional to the number of core 
electrons, n. This simplification has been shown to be acceptable for 
capture ratios between 8tOMS Of similar atomic number [433. For atoms 
with atomic numbers differing significantly, an accurate analysis would 
require the Use of effective electron numbers. Hydrogen transfer is 
also re-introduced 1303, but the transfer mechanism is assumed to be 
different to the one proposed by the Dubna group, since it is 
restricted to only the "nearest neighbour" atom (effectively the atom 
to which the hydrogen 13 bonded). The precise nature of the mechanism 
still requires further investigation (see section 4.4). 
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Thus if N atoms with an atomic number Z are present in a molecule, 
the capture probability on that atom is given by 
W(Z) a N( n+ 2vw + h6a ) (2.20) 
where n is the number of core electrons, v the number of valence 
electrons, w the probability of de-excitation from a molecular level to 
An atomic level, Nh the number of hydrogen atoms bonded to Z, 2 Lo-1 
and a is the hydrogen transfer probability. I 
There are effectively two free parameters in this model: the 
probabilities 8 and w. Values of these two probabilities have been 
deduced from experimental capture ratios for carbon, oxygen and 
nitrogen in different groups of complex molecules [23,303. The capture 
ratios were determined by measuring the relative intensities of X-ray 
lines in the Balmer series of these pionic StOM3 present in target 
molecule3. 
The experiments have shown both the sensitivity of the capture 
ratios and that of the free parameters to molecular effects. For 
example, there is a large difference in the carbon: oxygen and 
nitrogen: oxygen capture ratios for 3erine and cysteine, which are two 
amino acids differing only by a sulphur atom replacing an oxygen atom 
in cy3teine. Perh8P3 more surprising is the significant difference in 
the carbon: oxygen capture rat103 for glUC03e and mann03e, which are two 
3accharide3, one the chemical isomer of the other. The probabilities a 
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and w vary a great deal between different groups of molecules, and even 
within a single group, several different combinations of them will lead 
to similar chi-square fits. We have also deduced some independent 
values for a and w by applying the mesomolecular model to the charge 
exchange data [44,451. Our conclusions are that the mesomolecular 
model including hydrogen transfer can be consistently used to describe 
the charge exchange reaction, and that transfer is more important than 
nuclear capture when a pion is captured by hydrogen. The values of the 
transfer and de-excitation probabilities are in good agreement with 
those obtained from fitting the capture ratio data. A summary of this 
work is given in Appendix B. 
Hence, the model of pion capture by molecules which has had the Most 
success in reproducing data from charge exchange and capture ratio 
experiments, is the me3omolecular model. The existence of picnic 
molecular orbitals is the essential assumption of this model, and since 
there has been no experimental justification of this assumption, a 
theoretical understanding is most important if the model is to be 
further improved. A mechanism which is capable of explaining why the 
transfer process is only important between hydrogen and a heavier atom 
(and not the general case), must also be proposed. 
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Chapter 
Two-Centre Wavefunctions 
The simplest system for which a study of picnic molecular - 
wavefunctions can be made is that of the two-centre system comprising 
of two nuclei U, and Z2) and a negative pion. Such a system is also 
suited to the investigation of hydrogen transfer because of the 
proposed "nearest neighbour" nature of the mechanism involved. 
3.1 The Hydrogen Molecular Ion 
In the same way that the hydrogen atom provided a soluble problem 
for atomic structure, the hydrogen molecular ion, H2+ , has furnished 
the basis for the two-centre problem. The structure of H2 + was first 
studied by Burrau [461 in the early days of wave mechanics. He showed 
that the Schrodinger equation describing the complete system of nuclei 
and electron, could be 3eparated by the introduction of confocal 
elliptic coordinates. These coordinates are defined by 
Xz (r, + r2)/R <X< OD 
Az (r, - r2)/R <A<I 
Or azimuthal angle 0<0< 2r 
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where rl and r2 are the magnitudes of the vectors from the electron to 
the foci of the system Ue. the two nuclei) as shown in figure 3.1, P 
is the internuclear separation and 0 is an angle of rotation about the 
internuclear axis. Cartesian coordinates can be expressed in terms of 
X, ju and 0 by 
X2 2 x -1 ) 1/2( 1-M ) 1/2sin 0 (3.2) T 
1) 1/2(1- m) 1/2cos e (3-3) 
-i 
cRX IA (3.4) 
i 
where the two nuclei are at (0,0, +R/2). 
Hylleraas expressed the solutions of the eigenequations in A and a 
as semi-analytic series expansions, and was able to calculate the 
ground state energy of the hydrogen molecular ion to be -1.20527 
Rydber93 [473. Morse and Stueckelberg [483 had previously obtained 
eigenenergie3 of higher excited states of H2+ by taking linear 
combinations Of StOMiC orbitals. This method is known as the LCAD 
method, and as the name suggests, it provides an approximation to a 
molecular orbital by combining two atomic orbitals (centred on each 
nuclei) which have comparable energy and the same symmetry with respect 
to the Internuclear axis. For example, the ground state wavefunction 
can be constructed for the hydrogen molecular ion by considering two 
ground state hydrogen atomic wavefunction3, 
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etectron 
r2 
zlz Z2 
R 
Figure 3.1 : The Hydrogen MoLecuLar Ion 
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411 = exp(-rl) 
02 c exp(-r2) 
(3-5) 
The total wavefunction (ignoring normalisation) is thus given by, 
4' = 4'1 1ý 
which yields, 
(3.6) 
4' 2 4,1 42 c2 exp(-RV2) cosh(RAt/2) (3-7) 
for the bonding state of lower energy, and 
oz 42 z2 exp(-RX/2) sinh(RA/2) 
for the anti-bonding state of higher energy. 
The LCAO method iS 38tiSfactory for large internuclear separation3, 
but for smaller R the approximation becomes -very crude. Series 
expansions in X and ju as used by Hylleraas give much better 
approximations to the true wavefunction over a larger range of 
internuclear separations. Bate3 et al. [491 used slighty different 
series expansions to those used by Hylleraas to tabulate ground state 
and higher state wavefunctions for H2+ at different values of R. These 
expansions are exactly the ones used to generate two-centre 
wavefunction3 in . the work to 
follow, and the relevant theory 13 
presented in the next chapter. The use of series expansion solutions 
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is not restricted to the symmetrical case of the hydrogen molecular 
ion, and has also been used for systems with non-identical centres by 
Hunter and Pritchard 150). 
A different approach to the LCAO method and the use of series 
expansions is the WKB approximation. This method was employed by 
members of the Dubna group to investigate the general asymmetrical 
two-centre problem for the electron [51,521. The only wavefunctions 
available to the Russians at the time were those tabulated by Bates et 
al. [491 and Hunter et al. [501. These wavefunctions were very 
limited in choice of charge (Zj and Z2), quantum states and centre 
separation, R, and so approximate formulae obtained from the WKB method 
provided a very practical alternative. Although not as accurate as the 
use of series expansions, this method does not require as many 
numerical computations and the necessary algorithms are less demanding. 
3.2 Two-Centre Systems for Muons and Pions 
Two-centre wavefunctions for negative muons and negative pions can 
be obtained by considering the lightest of the three particles as a 
"heavy" electron. The only consequence of this approximation is a 
re-scaling of units for length and energy (see section 4.1), but the 
form of the wavefunction remains unchanged. 
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Cohen et al. 1531 treated the problem of muon catalysed fusion by 
means of ground state wavefunctions obtained by a variational metbod. 
Muon catalysed fusion involves a series of reactions resulting in the 
fusion of two nuclei of hydrogen isotopes. The first reaction is the 
capture of a negative muon by a hydrogen atom, and the ejection of the 
only electron by the Auger process, 
m+ (3-9) 
The neutral muonic hydrogen (pu) then diffuses freely through liquid 
hydrogen until it comes in contact with a deuteron and the reaction, 
(p/A) +d -> WA) -+ p (3-10) 
occurs. The final step to take place is fusion after the formation of 
a molecular ion, I 
WA) +H -> (pdA) (3.11) 
with a very small internuclear separation (two muonic Bohr radii, le. 
about 500 f'm. ). 
The type of wavefunctions used by Cohen et al. for the ground 
states were very similar to those derived by the LCAO method ((3.7) and 
(3.8)). To make the wavefunctions more accurate at small internuclear 
separations, variational parameters (p and q) were introduced to give, 
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41= 2 exp(-pRX/2) cosh(qRu/2) (3-12) 
and 
4'= 2 exp(-pR>, /2) sinh(qRM/2) (3-13) 
for the bonding and anti-bonding states respectively. These parameters 
were obtained as a function of R, by minimising the sum of the 
expectation values for the kinetic energy and potential energy 
operators of the total system. 
Muon catalysed fusion and the formation of muonic molecular ions 
have also been investigated by Sakharov 1541 and Zelldovich [551 among 
others. A more recent complete review has been made by Bracci and 
Fiorentini [56). 
Wavefunctions describing a system of two nuclei and a pion can be 
constructed using any of the techniques described above for electrons 
and muons. 
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Chapter 4 
Theory 
The first problem to consider in the study of pionic molecular 
orbitals, is the isolated system of a pion and two fixed nuclei, with 
the assumption that the Born-Oppenheimer approximation is valid, for 
pions. It is then possible to solve the Schr6dinger wave equation for 
this system and from the energy curves the Born-Oppenheimer 
approximation can be verified, hence justifying its initial assumption. 
The next step is to introduce the presence_of the electrons, which are 
associated with any chemical bond between two nuclei in a molecule, and 
to see the effect this has on the solution of the Schr6dinger wave 
equation, and consequently on the formation of molecular orbitals and 
on the process of hydrogen transfer. 
4.1 Units of Length and Energy 
The units used for length, a., and energy, W, are known as n 7r 
mesoatomic units with M7r="h =e=1. In terms of the electron Bohr 
radius, ae (0.529ý) and the binding energy, El, of the hydrogen ground 
state (27.2eV), in atomic units 
ar = ae me/Mr 
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and 
W 
IT =E1 
M7rlme 
where 
M 7r = m7, _ 
06 np + n. ) 
m Ir + ný np +mnnn 
(4.2) 
(4-3) 
is the reduced mass of the complete system, mpt mn and m 7r are 
the 
proton, neutron and pion masses respectively, and np and n. are the 
total number of protons and neutrons for the two centres. 
Values of aT and W. are tabulated in table 4.1 for different 
combinations of Z, and Z2 Of interest in this work. ii is a typical 
bond length between these centres in many molecules. This length 
corresponds to approximately 500a7ry which is taken as the centre 
separation for many of the calculations to follow. 
Mesoatomic units can be defined in exactly the same way as above for 
muonic systems. 
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zi 
Z2 a 7T /xlo-15m W 7r /KeV 
1 1 208.1 6.915 
6 1 196.0 7.345 
7 1 195.7 7.357 
8 1 195.4 7.365 
8 6 194.7 7.390 
Table 4.1 :a 7r and W 7r for Different Centres 
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4.2 The Two-Centre System Without Electrons 
The Schr6dinger wave equation for a two-centre system is given in 
mesoatomic units by 1571, 
22 
VR -V (Rtr Z+ V(Rtr7r (R, r, ) 7r) (4.4) 2M 21 
2 
where VR is the kinetic energy operator for the centre of mass of the 
2 
two nuclei, V. is the kinetic energy operator for the pion, V(R, r. ) is 
the sum of all electrostatic interactions, 
V(R, r. ) =''V(r. ) +Z lZ2/R (4-5) 
=- Zl/rl - Z2/r2 + ZlZ2/R 
r, and r2 are the distances of the pion from Z, and Z2 respectively, R 
is the internuclear separation and c is the total energy of the system. 
4.3 The Born-Oppenheimer Approximation 
The Born-Oppenheimer approximation [581 states that the nuclear - 
motion and the pion motion can be separated and that the potential 
energy of the pion in the field of the. two nuclei can be used to 
describe the nuclear motion. Thus (dropping the subscript i) O(R, r, ) 
can be rewritten as 
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i O(R, r7r) = u(R; r., r)v(R) (4.6) 
where u(R; r7r) is the pion wavefunction with the nuclei fixed at an 
internuclear separation, R, and v(R) is the wavefunction for the 
nuclear motion. If (4.6) is substituted in (4.4), then 
V22 a- _V 
+ V(Rlr7r 11 u(R; r )V(R)= cu(R; r 
2M 2 7r 
dv(R) (4-7) 
2 
2! Lu -2-V Luv 07, aR aR a-R7 
I 
The accuracy of the Born-Oppenheimer approximation therefore depends on 
the magnitude of the extra term, 
- 3,2'9u-a'v . 49 
2 
Uov 
ý2M 
aR aR a --RT 
I 
when compared to the kinetic energy of the nuclei, p2 is the n /2M (Pn 
momentum of the centre of mass of the nuclei). The second part of this 
extra term is the smallest of the two since it contains a second 
derivative of the pion wavefunction. The first part is of the order of 
magnitude of pnp, /2M, where p 7r 
is the momentum of the pion. 'This 
result is obtaiýed by the approximation that the pion wavefunction, 
u(R; r? r), 
is equally sensitive to small changes in R as in 2r7r, so that 
(3u ,1 au (4.8) U-R1 71 ar- 
7r 
1 
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Thus a necessary condition for the validity of the Born-Oppenheimer 
approximation is, 
p2 /2M >> pp /2M nn Yr 
or 
P7r/Pn << 
p7r and Pn can be estimated by 
Pn ý (Mt(mn /M)1/2w/2)1/2, which leads to - 
(m 
7r 
/M)1/4 -<< 1 (4.10) 
and 
The Born-Oppenheimer approximation is usually quoted for electrons 
where the above condition is easily satisfied by virtue of the large 
difference in mass between the electron and the nuclei. The 
approximation is less accurate for pions and muons, especially for 
two-centre systems with nuclei of low mass. I 
Assuming that the Born-Oppenheimer approximation is valid for pions 
at this stage, the Schrodinger wave equation can be rewritten as 
(4.9) 
p7r (m *612)112 7r I- 
2 
Vpr V(it, r, ) U(R; r E(R)U(R; r 
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which is identical to the original wave equation, except that the 
kinetic energy operator of the nuclei is omitted. E(R) is the energy 
of the pion, and includes the nuclear repulsion energy, Z1 Z2/R. The 
purely pionic energy is givýn by a similar Schr6dinger wave equation, 
(4.12) HE + V(r7, 
)]U(R; r,, ) = W(R)U(R; rn) 
2 
with W(R) = E(R) -Z lZ2/R- V(r7r) is the potential field in which the 
pion moves, and will determine the nature of the potential barrier 
between the two centres. As stated earlier, E(R) can be used as the 
potential energy function to obtain the wavefunction for the nuclear 
motion from 
[- 
_'V' IL 
+E (R) v (R) =cv (R) 
2m . .1 
(4.13) 
The shape and height of the barrier is very important as it will 
govern the formation of molecular orbitals. Bound pionic molecular 
orbitals can only exist within the energy range between the height of 
the potential barrier and the zero energy (see figure 1.1). The lower 
this barrier is, the more likely it is that molecular orbitals will be 
created. 
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4.4 Hydrogen Transfer 
A possible mechanism for hydrogen transfer (see section 2-3) is 
thought to be a tunnelling process across the barrier from atomic 
states around hydrogen to atomic states around the heavy atom to which 
the hydrogen is bonded. For this process to occur, the initial and 
final states must be of comparable energy so that the total energy of 
the system can be conserved. Furthermore, only states with energies 
close to the height of the potential barrier can participate in this 
tunnelling process. It has been shown for the hydrogen molecular ion 
that the electron of the system can resonate between the two potential 
wells and cause a state of energy E to be split into two levels [593. 
The matrix element, H, for a transition from one level to another 
(across the barrier) is given by, 
Ha expt -b(2mV)f/2A ) (4.14) 
where b is the width of the barrier at the value of E, m is the 
electron mass and V is the height of the barrier above E. Values of t 
and V will be small for atomic states close to the potential barrier, 
and will therefore maximise the tunnelling matrix element. 
I 
The tunnelling process may be dynamical with the pion resonating 
between atomic states on either of the two centres, but the net effect 
will be governed by the density of states of the atomic levels close to 
the barrier. Tunnelling can only be biased in one direction if the 
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density of states for one centre is much greater than for the other 
centre. The number of atomic hydrogen states close to the barrier is 
also an important consideration. From table 1.1, the highest principal 
quantum number for which pionic atomic states exist around hydrogen 
bonded to carbon, nitrogen and oxygen, is approximately 6. If the 
barrier was higher, hydrogen transfer could become more important as an 
increased number of atomic states would exist for hydrogen. 
Contour plots of V(r. ) in the y-z plane and V(r7r) along the 
internuclear axis (z axis) are presented in figure 4.1 for H-H, C-H, 
N-H, O-H and O-C. The internuclear separations for these bonds were 
obtained from fixed geometries for the molecules of hydrogen (H2). 
methane (CH 4), ammonia (NH 3), water (H20) and carbon dioxide (C02)- In 
order to compare similar bonds in different molecules, C-H and O-H 
bonds were also obtained from methanol (CH 30H), and N-H from bydrazine 
(N 2HO. and plots of V(r. ) for these additional pairs of centres are 
presented in figure 4.2. Henceforth, the first group of molecules will 
be referred to as group A molecules, and the second group as group B 
molecules. All the above bonds are tabulated in table 4.2, together 
with values of no corresponding to the bond lengths. The plots of 
V(r7r) clearly show that the potential barrier is sufficiently low to 
allow the formation of discrete pionic molecular orbitals. 
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Bond Molecule R/ ae RA no(Zl) no(Z2) 
z1- Z2 
H H H2 1.40165 0.742 8 -- 
C H CH4 2.06650 1.094 31 7 
C H CH 30H 2.07100 1.096 31 7 
N H NH 3 1.91638 1.014 33 7 
N H N2H4 1.93133 1.022 33 7 
0 H H20 1.80884 0.957 34 7 
0 H CH 30H 1.80690 0.956 34 7 
0 C CO 2 2.19440 1.161 30 - 24 
Table 4.2 : Bond Lengths and Values of 
no for Different Centres 
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4.5 United Atom and Separated Atom Quantum Numbers 
The quantum numbers most commonly used to label a pion state are the 
united atom quantum numbers (n, l, m). These refer to the limit of R=C 
where the two nuclei combine to form a single nuclei of charge Z=Zl+Z2* 
The principal quantum number, n, runs over the positive integers, 
V 
n. z 1,2,3,4 
and the angular momentum quantum number, 1, takes the usual values, 
1=0,1,2,3 ...... n-1 
corresponding to s, p, d, f ..... etc. states. The energy curves of the 
pion energy, W(R), will converge to values of (Z/n)2/2 at R=O. m is 
the quantum number which measures the component of angular momentum 
along the axis of the molecule, and takes the values 
m=0, +l, +2. +3, +4 ........ 1 
with doubly degenerate levels for +m except for m=O. States with m=O 
are referred to as a states, ýthose with m=+1 as n states, * those with 
m=+2 as S states, etc. For homonuclear two-centre systems, the states 
are also denoted by a subscript g for even (gerade) states, and u for 
odd (ungerade) states. The parity of the state is determined by 
whether the wavefunction changes sign or not after inversion in the 
midpoint between the nuclei. 
It is also possible to use separated atom quantum numbers (N, K, m) to 
define a particular quantum state. These quantum numbers are obtained 
by separating the two centres to infinity (R=oD), where the energy 
curves tend to atomic states around Z, and Z2, with energies of 
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22 
(Z, IN, ) /2 and (Z 2 
IN 
2) 
/2, respectively. N and K are related to the 
united atom quantum numbers by the correlation [603, 
n-l+m+K 
El+ml/2 
(where [XI is the integer part of x) for the homonuclear case, and by a 
more complicated correlation for the heteronuclear case. The m quantum 
number is identical to that of the united atom-quantum numbers. Values 
of no tabulated in table 4.2 refer to the separated atom principal 
quantum number for each of the two centres. 
4.6 The Solution of the Schrodinger Wave Equation 
The solution of the Schr6dinger wave equation (4.11) can be found by 
the introduction of confocal elliptic coordinates (3-1) which allows 
the wavefunction to be written as [49,50,611 
O(R; r, ) = VAW, 00(0) (4.15) 
The wave equation then separates into the following three second order 
differential equations, 
I 
d (A 
2 
-J)dL+(-A+p 
2 (. 12 _1 )_ M2 +R(Z. 1+z2 
)A)L =0 (4.16) 
'a dA =A-, 
d (1-, u2)dM+(A' 
'(1 2) 2 )F)m =0 (4.17) p -1 -Z2 Tju dy . J-M2 
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and 
d2. 
d32 
where A is a separation constant and p=(-W/2)1/2. The eigenequation 
for A is often known as the "outer" equation, and that for p as the 
"inner" equation. The solutions of these two equations take the form 
of semi-analytical series expansions [49,611, 
2 m/2 -PA tt 
L (A) - (A -1 (A+ 1 
ýe 2 
gtr., -, (4.19) 
t=O 
111+1 
m(u) = £F: (A) ta (4.20) 1 
with m non-negative, a=R(l+q)/2p-m-1 and q=Z 2/Z1 (Z2! Zl)- Prmn+s(, u) are 
the unnormalised Legendre functions [621 and the coefficients gt and fs 
are to be determined. The eigenequation for the angular coordinate is 
simply, 
0(0) = exp(+im45) 
k 
(4.21) 
To calculate the eigenenergy as a function of R, the solutions 
(4.19) and (4.20) must be substituted into (4.16) and (4.17) 
respectively, from which three term recurrence relations for the series 
coefficients are obtained. For example, if the outer equation is 
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considered, 
a. 9. + g. +Vg. 0 (4.22) 
with J=0,1,2,3 ..... and a, A and F are functions of J, p, A, R, Z19 Z2 
and m. The quantum numbers n and 1 enter implicitly through the values 
of p and A. If 9-1 is set to zero and (4.22) is divided throughout by 
go, the following equation is obtained, 
G(p, A) =A0+F0g1 /g 0=0 
(4.23) 
91 and go can be expressed in higher j terms using the recurrence 
relation, and so G(p, A) becomes a continued fraction which is said to 
be "chained" at a value of j for which the fraction is terminated. 
This value is determined by the convergence of G(p, A), and it has been 
shown [63,641 that the series solution for A allows G(p, A) to converge 
at a finite value of j for both small'and large values of p. A similar 
approach for the inner equation will result in a second continued 
fraction, 
F (p, A) = (4.24) 
Simultaneous solutions'of (4.23) and (4.24) exist only for discrete 
values of p and A, from which the eigenergies can be obtained. These 
solutions are found by initial guesses for p and A from which more 
accurate values can be obtained using a quadratically convergent 
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Newton-Raphson scheme, 
p p: 
L (nG 
- q6LF TA- A)/ 
W 
(ýý 
, 
GaF) /i 
6p AA 6p 6p 
where J is the Jacobian, 
, c>A -ak äp 
(4.25) 
(4.26) 
(4,27) 
with G and F and their derivatives calculated at p=pi and A=Ai. 
At R=O, the first initial guess for p and A can be obtained from the 
eigenparameters for the united atom, and subsequent guesses are 
obtained by extrapolation. If the potential curve, E(R), is calculated 
starting from large R, the first two initial estimates for p and A are 
given by large R asymptotic expansions, and again further guesses at 
other values of R can be extrapolated. The lbrge R asymptotic 
expansions for p and A are of the order of R-6. More accurate initial 
guesses require more complex expansions [651, but this generally only 
saves a few iterations before arriving at an acceptable solution. 
Having calculated p and A as a func. tion of the internuclear 
separation, it is possible to go back to equations (4.23) and (4.24) 
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and obtain the coefficients 9t and fs, and hence obtain the complete 
expression for the wavefunction at any value of R. 
4.7 The Class'ification of Bonding and Antibonding Orbitals 
The shape of the potential curve, E(R), for a pion quantum state can 
be used to classify bonding molecular orbitals [661, and to find in 
which range of R they are likely to occur. At R close to zero, the 
curve of E(R) will go to infinity on account of the nuclear repulsion 
term, and at infinite R, it will tend to a separated atom energy. *If 
E(R) decreases monotonically between the two limits, the orbital will 
be repulsive at all values of R, and will decrease in energy as the 
internuclear separation increases. If however the curve has a minimum 
value at a distance Rmin, the pion orbital will be stable over a range 
of R on either side of R ming and the nuclei will be attracted to each 
other by the pion charge density between the two centres. The deeper 
the curve is for a bonding state, the more stable the state will be. 
The lower quantum states tend to be the most stable, as the higher 
states. are of lower energy, with much shallower minima. 
4.8 The Verification of the Born-02penheimer Approximation I 
An accurate analysis of the Born-Oppenheimer approximation requires 
the evaluation of the extra term introduced into the SchrBdinger 
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equation by the separation of the nuclear and pion wavefunctions. This 
is possible for simple molecular wavefunctions, - using LCAO orbitals 
153,671, but using the series expansion solutions, not only is the 
energy dependent on R, but so are the coefficients gt and fs (which may 
be numerous for certain states). The calculation of the partial 
derivatives of these coefficients would be very difficult and very 
inaccurate. 
The Born-Oppenheimer approximation is valid for electrons because 
they move so much faster than the nuclei vibrate about their position 
of equilibrium, that the nuclei can be considered as "frozen". The 
same would be true for pions if it can be shown that the average 
kinetic energy. of the pion in a given state is substantially greater 
than the nuclear vibrational energy associated with that state. 
Using the virial theorem [681, it is possible to show that the 
average kinetic energy of the pion can be derived from the potential 
curve E(R), by the relation, 
K. E. 
av =-E- R(dE/dR) 
where dE/dR is taken at the centre separation, R. 
(4.28) 
. 
The nuclear vibrational energy may be estimated for bonding states 
40 
by expanding E(R) in a power series about the equilibrium position at 
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Rmin. Thus, 
2 
ED+ k(R-B 
min) /2 + (4.29) 
where D is the dissociation energy and k is a constant. If higher 
order terms are ignored, then to a first approximation, the force 
(-dE/dR) is proportional to the displacement (R), and for vibrations'Df 
small amplitude, the equation becomes that of simple harmonic motion. 
The frequency of the motion is, 
1/2 
(k/M) /2n (4-30) 
and the nuclear vibrational energy is therefore, 
Evib = 
t(k/M)1/2 (4-31) 
For a more accurate estimation of Evibg a Morse potential 1573 can 
be used to describe E(R) close to the equilibrium position, instead of 
the quadratic used above. 
4.9 The Two-Centre System Including Electrons 
10 
The addition of electrons to a simple two-centre system will result 
in an extra potential between the pion and the electrons which must be 
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included in the Hamiltonian of the original Schr6dinger wave equation 
(4.11) so that, 
ut(R; r Ei (R)ul(R; r (4.32) 
.Z, 
V(Rgrý) 
e 7r 7r 7r 
where Ee(r 
7r 
) is the pion-electron potential. The wave equation for the 
nuclear motion (4.13) will also change because of the addition of a 
modified potential energy curve EIM, and a new potential Ee(R) 
between the electrons and the nuclei, 
VR .E (R) -E (R) V'(R) c tv l (R) (4-33) 
1 
2M e 
4.10 Electron Wavefunctions 
In order to calculate pion-electron potentials, it is necessary to 
obtain electron wavefunctions in a molecular configuration around the 
bonds of interest. For the H-H bond, this is possible by using the 
total electron wavefunction for the diatomic molecule H 2. However, for 
the remaining bonds (C-H, N-H, O-H and O-C), true diatomic molecules do 
not exist and so it necessary to extract the electron wavefunction from 
wavefunctions for larger molecules (ie. CH4, NH3, H209 C029 CH30H and 
N 2HO - 
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A convenient description of electron wavefunctions is available by 
using summed "contractions" over a Gaussian basis set [69,701. Tables 
of coefficients (C) and exponents (a) exist for an extensive collection 
of molecules [691, together with data of the positions of the nuclei in 
the molecule, the bond lengths and the bond orientations. 
The wavefunction of the ith contraction for a centre k, may be 
written as, 
Pik kNij kCij f(XktykgZk) exp(-kc4ij Rk 
2) (4-34) 
where the function f(Xk, yk, Zk) is defined as 
f(XktyktZk) =1 for S contractions (4-35) 
"Xk for PX contractions 
"yk for PY contractions 
"Zk for PZ contractions 
Xkýx-xk, etc., (xktYktzk) are the cartesian coordinates of the kth 
centre, and Rk2(Xk 2+y k 
2+Z 
k 
2)1/2. The normalisation constant kNij is 
such that, 
2 
dT P (4-36) lk 
and can be evaluated for S and P contractions by the formulae, 
(dropping all subscripts), 
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N2 =( 2a In )3/2 (4-37) 
for S contractions, and by 
N2 =( 27/2 a5/2 ) /., r 
3/2 (4-38) 
for P contractions. 
The ls electron wavefunction is found by summing the Sl and S2 
contractions, the 2s wavefunction by summing the S3 and 34 
contractions, and the lpx, lpy and lpz wavefunctions by summing the PX1 
and PX2 contractions, the PY1 and PY2 contractions and the PZ1 and P22 
contractions, respectively. 
The total electron density for a two-centre system (k=2) is, 
p2 ik (4-39) 
where a ik is the Mulliken charge [711 associated with the wavefunction 
of the ith contraction of the kth centre. 
Contour plots of the electron densities for H 29 CHO NH3, H20 and 
C02 are presented in figure 4.3 together with sections along the z 
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axis. Similar plots are presented in figure 4.4 for C-H, N-H and O-H 
extracted from CH 30H and N2H4- H2 and C02 are linear molecules, 
whereas the remainder are non-linear and have bond orientations which 
are not along the z axis. The bonds in the latter case can be 
re-orientated along the desired axis by transforming the cartesian 
coordinates used in the description of the electron wavefunctions, with 
a rotation matrix, 
COSOCOS (P -sinO cos0sin(p 
sin0cosq coso sinosin(p 
-sin (p 0 COS9 
where (p is the angle made between the bond and the z axis, and 0 is the 
angle made between the ýprojection of the bond in the x-y plane and the 
x axis, as shown in figure 4.5. 
4.11 The Pion-Electron Potential 
Using the summed contractions of Gaussian basis sets to obtain the 
electron wavefunctions, as described above, the pion-electron potential 
can be calculated as a function of the pion position by evaluating the 
following three dimensional integral, 
dT a'k p (4.40) Pik 
1r -"r k e 
so 
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where r 
7r 
and r 
le 
are the pion and electron position vectors. This 
potential will be repulsive, and will therefore be of opposite sign to 
the attractive potential between the pion and the nuclei, V(r If 
7E 
E 
e(r ) is small in comparison to V(R, r ), -then u(R; r7, ) and ul(R; r 7r 7r 7r 
are, -to a good approximation, equal. 
If however this is not the case, 
the potential barrier will be modified with cons . equences for the 
formation of pionic molecular orbitals and hydrogen transfer. The 
Born-Oppenheimer approximation will also have to be reviewed since E(R) 
is not equal to EI(R). Finally, it may be possible to parametrise the 
new potential Vrý)+E e(r 7r 
) by a sum of Yukawa potentials or a sum of 
Gaussian potentials, and hence express the screening of the nucleus by 
the electrons in a functional form. 
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Chapter 
Computational Analysis and Results 
The computational analysis of the theory presented in the preceding 
chapter was performed using a Fortran 77 compiler implemented on a 
Prime 750 machine at the University of Surrey. Operations using real 
variables were carried out in double precision with an accuracy of 
approximately 14 decimal digits. Long integers were used when 
necessary. Continuous checks of all variables and arrays were made at 
run-time in order to ensure that arithmetic overflow, zero-division, 
array violations, etc., did not occur without notification. 
11 
5.1 Eigenenergy Calculations 
The Schr6dinger equation for the two-centre system without electrons 
(4.12) was solved and the energy curves were calculated using a code 
developed by Power 1721 to investigate one-electron diatomic molecules. 
I 
The input to the code, consists of the two nuclear charges (Zj and 
Z2). the united atom quantum numbers of the chosen state (n, l, m), the 
range of internuclear separations for which W(R) is required and 
accuracy criteria for the convergence of the successive iterations to p 
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(4.25) and A (4.26) and for the convergence of ihe continued fractions 
and their derivatives. All input of data and output of results is 
controlled by the main program, with calls to various subroutines. The 
subroutine CORR correlates the united atom quantum numbers and the 
separated atom quantum numbers, from which the dissociation energies 
can be calculated. The values of j at which the continued fractions 
(4.23 and 4.24) are chained, are evaluated by the subroutine CHAIN, and 
the actual calculations of the continued fractions and their 
derivatives are handled by CTDFRN. Subroutines CRLG and WRLG provide 
initial large R asymptotic approximations for A and p respectively, and 
initial approximations at other internuclear separations are obtained 
from an interpolation subroutine, EXTRAP, used to extrapolate outside 
the interpolated range. 
The accuracy of the values of p and A obtained by simultaneously 
solving the two continued fractions was initially set to 10 decimal 
places. For quantum states with a low principal quantum number, n, 
this accuracy setting allowed a rapid convergence to the correct values 
of p and A, but for higher quantum states the convergence was much 
slower, and in some cases a reduced accuracy setting (to a minimum of 5 
decimal places) was required. The quality of the initial guesses for p 
and A was also an important consideration, as a poor initial guess 
would invariably increase the number of iteration cycles needed. The 
large R asymptotic expansions proved to be very reliable. However, the 
use of extrapolation to obtain initial guesses necessitated extreme 
caution especially in a range of R where the energy curve has a minimum 
or a rapid change of slope. For such cases it was important to use 
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sufficiently small increments of R to follow the curve, or else the 
initial guess either did*not result in convergence or else converged to 
a solution of a different quantum state. 
The accuracy and convergence rate of the continued fractions and 
their derivatives also depends on the choice of quantum state. For 
increasing quantum numbers, the pairs of eigenparameters get closer and 
closer together, and consequently if F and G are to be continuous, 
their derivatives must become smaller which in turn slows down the 
convergence. The initial-accuracy for the continued fractions was set 
to 5 decimal places, but again the accuracy was reduced (to a minimum 
of 2 decimal places) when necessary. 
A problem encountered in the calculation of the pion eigenenergies 
was the occasional "Jumping" from a correct pair of eigenparameters 
for the state of interest, to a totally different pair belonging to a 
different eigenstate. This phenomenum, known as the quasi-crossing of 
energy curves 172,731, is manifested by a sudden discontinuity in W(R) 
at a particular value of the internuclear separation. A quasi-crossing 
is the result of the interaction between two states of the same 
symmetry and of almost equal energy, which belong to each of the two 
potential wells below the barrier. Such interactions occur by virtue 
of symmetry for homonuclear systems, and may be ignored since the two 
states involved are identical. However, for heteronuclear systems, 
quasi-crossings occur by "accident" and it is important to be aware of 
their presence, otherwise incorrect eigenparameters may unknowingly be 
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obtained. Discontinuities in the energy curves can be detected 
directly by visual inspection of W(R), or else by comparing the 
calculated eigenenergies at zero and infinite separations, with the 
known energies of the united atom and separated atom systems. The 
idea of quasi-crossings has been used to interpret processes such as 
the collision of the hydrogen mesic atom and a nucleus as described 
in the Russian model of hydrogen transfer 151,731. 
The code was tested by reproducing eigenenergies of the ground state 
and various excited states of the hydrogen molecular ion tabulated by 
Bates et al. [491 and by Power [721. The source file was modified to 
internally change the accuracy settings governing convergence whenever 
necessary, so as to optimise the rate of convergence. The 
extrapolation subroutine, which uses a central-difference formula, was 
replaced by an interpolating rational function expressed in continued 
fraction form, generated by subroutines E01RAF and EO1RBF of the NAG 
library [741. However, the quality of the initial guesses did not 
dramatically improve, and because of timing and storage considerations, 
the original extrapolation subroutine, EXTRAP, was used. 
5.2 Classification of Bonding and Antibonding Orbitals 
Using the energy curves, E(R), for the sum of the pion energy and 
the internuclear separation energy, it was possible to classify the 
a 
states into bonding and antibonding orbitals depending on whetber E(R) 
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had a minimum value (at R min) or if it decreased monotonically. The 
two-centre systems of H-H, C-H, N-H, O-H and O-C were investigated for 
internuclear separations ranging from zero to 700a; T. 
This range covers 
typical bond lengths associated with any of the pairs of centres used. 
Quantum states up to the united atom equivalent of no were examined. 
The total number of states for allowed combinations of n, 1 and m (m>O) 
is no(no+l)(no+2)/6. 
The number of bonding states for the H-H system are tabulated in 
table 5.1. The values in this table correspond to the number of m 
states which are bonding for all allowed combinations of n and 1. The 
analysis of the remaining systems showed that all the states were 
antibonding as the curve always decreased monotonically from the united 
atom limit to R=700a7r, where E(R) approached the separated atom energy. 
5.3 Calculations of E ib/K. E. av 
The average pion kinetic energy for a selection of states of the H-H 
system was evaluated using (4.28) at an internuclear separation of 
500a.. The states chosen were bonding states, and values of n close to 
no were examined more closely. dE/dR was found by using a nine-point 
differentiation formula (see Appendix C) derived from a similar 
three-point fromula by Dorn and McCracken [751. The separation of the 
points used to calculate the derivative was chosen carefully as too 
large a separation can result in a bad approximation, and too small a 
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n 
13 12 11 10 987654321 
1 
12 11 
11 9 9 
10 6 8 9 
9 3 5 7 8 
8 0 2 4 6 7 
7 0 0 1 3 5 6 
6 0 0 0 1 2 4 5 
5 0 0 0 0 0 1 3 4 
4 0 0 0 0 0 0 1 2 4 
3 0 0 0 0 0 0 0 0 1 3 
2 0 0 0 0 0 0 0 0 0 1 2 
1 0 0 0 0 0 0 0 0 0 0 0 1 
0 0 0 0 0 0 0 0 0 0 0 0 01 
Table 5.1 : Bonding States for H-H 
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separation can lead to error due to subtraction cancellation. Since 
E(R) was fairly linear in the region of R=500a., the accuracy of the 
technique was acceptable. The energies were obtained in mesoatomic 
units, and later converted into units of eV. , Values of K. E-av are 
presented in table 5.2 together with the united atom and separated atom 
quantun numbers of the states, the binding energies and the values of 
R 
min- 
The vibrational energy of the chosen states was found by a 
minimisation of the sum of the squares of the differences between the 
true values of E and the values of E obtained from (4.31), in order to 
find a suitable value for k. The minimisation was calculated using the 
subroutine E04CGF from the NAG library [743, which uses a quasi-Newton 
algorithm for finding an unconstrained minimum of a function. 
Calculated values of k and Evib are also presented in table 5.2 with 
the ratio between Evib and K. E. av. 
An estimation of Evib/K. E. av was obtained for the ground state of 
the hydrogen molecular ion (for which the Born-Oppenheimer 
approximation is known to be valid) in order to test the above 
numerical techniques. The average kinetic energy of the electron was 
found to be 16-376eV and the vibrational energy to be 0.287eV (2 - 
percent of K. E. av). The value of the nuclear vibrational energy agrees. 
well with the value of 0.285eV calculated by Bransden and Joachain [761. 
1 
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1mNK Rmin B. E. K. E. av k Evib Evib/ 
K. E. av 
/a7r /eV /eV eV/m-2 /eV /wo 
1 0 0 1 0 2 -3478.2 3464.3 1.6xlo28 1167.9 34 
3 2 2 3 0 18 - 398.7 384.9 1-7X1025 37.8 10 
4 3 3 4 0 32 -230.4 216.5 2.6xlo24 14.7 7 
5 4 4 5 0 53 -152.4 138.6 2.4xlo23 4.5 3 
6 5 3 5 1 49 -152.6 138.4 2. jX1024 13.3 10 
7 6 4 6 1 69 -110.3 96.0 7.5xlo23 - 7.9 8 
8 7 4 6 1 . 103 -110.3 96.0 ., X1023 
3.0 3 
9 8 5 7 1 134 -84.8 70.5 4-3X1022 1.9 3 
10 7 0 6 3 109 -110.3 96.0 1.2xlo23 3.2 3 
10 7 3 8 2 125 -67.9 54.2 l. oxlo23 2.9 5 
10 9 0 5 4 104 -153.3 137.6 6.3xlo23 7.2 5 
10 9 7 9 1 '151 -56.9 42.6 6. jX1022 2.2 5 
11 8 0 7 4 113 -85.1 '70.1 3.5X1023 5.4 8 
11 8 4 9 2 157 -56.5 43.0 5. jX1022 2.0 5 
11 10 0 6 5 120 -111.5 94.7 7.3xlo23 7.8 8 
11 10 8 10 1 185 -48.7 34.6 3-OX1022 1.6 5 
Table 5.2 : K. E. av and Evib for Various States of the H-H System 
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12 9 0 7 4 146 -85.1 70.1 9.2X1022 2.8 4 
12 9 5 10 2 193 -48.4 34.9 2.7X1022 1.5 4 
12 11 0 6 5 148 -111.5 94.7 2.6xlo23 4.6 5 
12 11 9 11 1 223 -42.7 28.6 1-7X1022 1.2 4 
13 9 0 8 4 180 -68.2 53.9 2.6xlo22 1.5 3 
13 9 3 10 3 198 -48.4 34.9 3.2X1022 1.6 5 
13 12 0 7 6' 168 -86.6 68.3 2.8xio23 4.8 7 
13 12 10 12 1 264 -38.0 24.1 9.8xio2l 0.9 4 
15 14 0 8 7 225 -70.9 50.4 1.2X1023- 3.1 6 
17 16 0 9 8 290 -60.7 36.8 5. '3xlo22 2.1 6 
19 18 0 10 9 364 -54.5 20.5 2.7X1022 1.5 7 
Table 5.2 (Continued) 
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5.4 Evaluation of Pion Two-Centre Wavefunctions 
Having obtained the energy of a pion state from the code described 
above, it was possible to evaluate the coefficients gt and fs and hence 
define the pion two-centre wavefunction at any internuclear separation. 
This was done using a code developed by Salin [613 which requires 
information about the charges of the two centres, the united atom 
quantum numbers, the internuclear separation (in mesoatomic units), the 
eigenenergy and the separation constant. The code represents the three 
term recurrence relationship for the outer equation (4.22), and the 
equivalent equation for the inner equation, in the form of tm and sm 
linear equations, where tm and sm depend on the required accuracy of 
the wavefunction. These equations are then transformed into matrix 
form and solved using a Fortran translation of an hgol program written 
by Martin and Wilkinson [771. The matrix of the outer equation is 
tridiagonal and that of the inner equation is tridiagonal for a system 
of identical nuclei, and pentadiagonal for non-identical nuclei. In 
the case of identical nuclei, the solution to the inner equation Is 
only summed over odd terms if 1+m is odd, and only over even terms if 
1+m is even. 
Once the coefficients of the expansions have been obtained, the 
wavefunction can be normalised to unity by integration over the 
confocal elliptic coordinates. The integration over the angular 
coordinate is trivial and that over the u coordinate can be easily done 
analytically by using the orthogonal properties of the associated 
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Legendre polynomials. The integration of the remaining coordinate is 
more difficult and must be performed numerically using pivotal 
Gauss-Laguerre quadrature (see Appendix C). 
The wavefunctions of the ground state bonding and antibonding 
orbitals of the hydrogen'molecular ion were calculated in order to test 
the code. They are presented in figure 5.1 along with the energy 
curves which show the minimum of the la, state, and the identical 
separated atom limit of the two states. Similar plots for pionic 
two-centre systems are presented in figure 5.2. 
5.5 Calculation of the Pion-Electron Potential 
The pion-electron potential, Eet which must be included in the wave 
equation of the two-centre system including electrons (4-32), was 
evaluated by carrying out the required three-dimensional integration 
(4.40) over the electron coordinate. Although the electron 
wavefunctions were originally described in cartesian coordinates, the 
integration was performed by first transforming to confocal elliptic 
coordinates, using the transformation equations (3.2,3.3 and 3.4), and 
then integrating using Gauss-Laguerre quadrature for A, and 
Gauss-Legendre quadrature for A and 0. The volume element in confocal 
elliptic coordinates is defined by, 
322.. 
R dAdud 
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Alternatively, it could have been possible to remain in cartesian 
coordinates and perform the intergrations over the infinite lower and 
upper limits of the x, y and z coordinates by Gauss-Hermite quadrature. 
However, the first of the two options was preferred as integrations 
using both pion and electron wavefunctions (such as overlap integrals) 
could then be done using the same quadrature techniques. 
The accuracy of the integration was dependent upon the number of 
pivotal points used for each of the coordinates. Unfortunately, 
increased accuracy requires a greater number of points which poses 
problems with the timing of the calculations, and hence a compromise 
between accuracy and timing had to be found. The number of times the 
integrand must be calculated for one integration is equal to the 
product of the number of pivotal points used for the three coordinates. 
The functional form of the integrand is complicated as it contains the 
sum over 20 contractions (in the worst case of O-C), and the 
transformation of the coordinate system. Furthermore, for centres 
which are not orientated along the z axis, the use of the rotation 
matrix was also necessary. Timing proved to be a limiting factor, 
especially since Ee was required in a plane at the very minimum (and 
preferably in all space). The best choice of the number of pivotal 
points was 32 for the integrations of the A and p coordinates, and 8 
points for the less important angular coordinate. The accuracy of the 
integration technique' was tested by computing the charge normalisation 
integrals (4-39) for the different centres. The results are tabulated 
in table 5.3 and illustrate the adequacy of the choice of pivotal 
points. Approximately 100 seconds of CPU time was used by the Prime 
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Bond Molecule Exact Charge Integrated Charge 
H-H H2 2.000 2.000 
C-H CH4 7.553 7.544 
N-H NH 3 8.577 8.566 
0-H H20 9.386 9.374 
O-C c02 13.707 13.696 
Table 5.3 : Comparison of Exact Charge With Calculated Charge 
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machine for the computation of one value of Ee- 
Contour plots of Ee in the y-z plane and sections along the bond 
axis are presented for group A and B molecules in figures 5.3 and 5.4 
respectively. The scales used for the graphs are identical to the ones 
used in figures 4.1 and 4.2, for comparison with the pion-nuclear 
potential. The signs of the two potentials are however opposite. The 
sum of the pion-nuclear and pion electron potentials are shown in 
figures 5.5 and 5.6 for the two groups of molecules. 
The calculations of Ee were checked by considering the behaviour of 
the potential close to and away from the centres. As the pion moves 
away from the centres, the magnitude of the pion-electron potential 
will become equal to that of the pion-nuclear potential, since at this 
distance the two potentials look identical, although opposite in sign. 
Hence, for large, distances, the 1/r behaviour of V and Ee cancel each 
other out, as shown in figures 5.5 and 5.6. Close to the centres, Ee 
must approximate the potential between a pion and an equaivalent atom. 
Similar calculations have been made using electron wavefunctions for 
atoms obtained from self consistent field (SCF) theory 1783. The 
values of Ee at the position of the centres were compared using the two 
different approaches. Potentials calculated from atomic electron 
configurations defined using the same Gaussian basis set used 
previously, were also calculated for comparison. The results, found in 
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table 5.4, show that the potentials are comparable and that they are 
larger for the molecular configurations, as would be expected because 
of the greater number of electrons and concentration of charge. The 
atomic Gaussian basis set calculations are closer to the atomic SCF 
calculations. The'behaviour of Ee between the' two limits is both 
smooth and regular. 
The pion-electron potential was also calculated for group A 
molecules after removing the ls electrons (S1 and S2 contractions) and 
the valence electrons (PX1, PX2, FY1, PY2, PZ1 and PZ2 contractions) in 
order to see the contribution to Ee by the different electrons (figure 
5-7). Since hydrogen only contains a ls electron, it was not removed 
in these calculations (hence the omission of H2 in figure 5-7). 
The increase in the barrier height as a consequence of the addition 
of the electrons is presented numerically in table 5.5, which gives the 
barrier heights of the original pion-nuclear potential and of the new 
potential including the electrons. Also tabulated are the barrier 
heights after removal of the ls electrons from carbon, nitrogen and 
oxygen centres. 
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Centre SCF (Atom) Gaussian Basis Gaussian Basis 
Set (Atom) Set (Molecule) 
B 33eV 49eV (H2) 
c 316eV 385eV 398eV (CHO 
484eV (C02) 
N 403eV 48leV 526eV (NH 3) 
0 52leV 584eV 608eV (H20) 
663eV (C02) 
Table 5.4 : Comparison of Ee Calculated From Different 
Electron Configurations 
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Bond Molecule Height of Height of Height of 
V/Ej (V+Ee)/El (V+Ee)/El 
H-H H2 -2.854 -1-075 
C-H CH4 -5-765 -0-743 -2.204 
CH 30H -5-753 -0-937 -- 
N-H NH 3 -6.945 -0.950 -2.523 
N2H4 -6.894 -1.060 - 
O-H H20 -8-115 -1.212 -2.868 
CH 30H -8.124 -1.272 - 
O-C C02 -12.699 -1.868 -5-511 
* without ls electrons 
Table 5.5 : Barrier Heights for Different Potentials 
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5.6 Parametrisation of V+Ee 
The sum of the pion-nuclear and pion-electron potentials was 
approximated along the bond axis by the following functions: 
(2ý /r, )exp(-Arl )- (Z2 /r, )exp(-Br, ) (5.2) 
([Z, -CI/rl )exp(-Ar, )- ([Z 2 -DI/r2 )exp(-Br2 (5-3) 
22 (Z 
1 
/r, )exp(-Ar, )- (Z 2 /r 2) exp 
(-Br, ) (5.4) 
(Z /r )+ Cexp(-Ar )- (Z /r )+ Dexp(-Br (5-5) 
111222 
(5. '2) is a Yukawa potential, (5-3) is a screened Yukawa potential and 
(5.4) is a Gaussian potential. The constants A, B, C and D were found 
by'a least squares minimisation, again using the NAG subroutine E04CGF. 
The Gaussian potential and (5-5) were the least satisfactory of the 
above functions, especially in, the region between the two centres. The 
Yukawa potential a nd the screened Yukawa potentials were very adequate, 
the latter being slightly superior because of the extra parameters. 
The exponential terms in both of these potentials describe the fall off 
to zero of V+Ee away from the centres very well, and closer to the 
centres, the Coulomb terms dominate. Values of the fitted constants 
are listed in tables 5.5 and 5.6 for the Yukawa potential and the 
screened Yukawa potential. These parameters were found using units of 
ae and El for length and energy. They were refitted using mesoatomic 
units for the Yukawa potential, so that binding energy and perturbation 
calculations (in mesoatomic units) could be attempted (see following 
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Bond Molecule AB Ax1O-2 Bx1C)-2 
Using 
Mesoatomic Units 
H-H H2 1.359 1.359 0.535 0.535 
C-H CH4 2.087 1.463 0.772 0.541 
CH4 0.755 0.860 0.279 0.318 
CH 30H 1.977 1.182 0.732 0.437 
N-H NH 3 2.201 1.408 0.813 0.519 
NH 3* 0.933 0.685 0.345 0.253 
N2H4 2.146 1.210 0.793 0.446. 
O-H H20 2.327 10'212 0.861 0.451 
H20 * 1.104 0.385 0.408 0.142 
CH 30H 2.307 1.131 0.852 0.417 
O-C C02 2.132 1.881 0.785 0.692 
C02 0.966 0.467 0.356 0.172 
* viithout ls electrons 
Table 5.6 : Parameters for Yukawa Potential 
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Bond Molecule ABD 
H-H H2 1.452 1.452 -0-038 -0-038 
C-H CH4 1.743 1.687 0.790 -0.025 
CH4 0.813 0.689 -0-171 0.020 
CH 30H 1.540 1.380 0.998 -0.011 
N-H NH 3 1.902 1.609 0.705 -0.018 
NH 3* 1.005 0.472 -0.210 0.027 
N2H4 1.787 1.402 0.839 -0.012 
O-H H20 '2.011 1.426 0.701 -0.017 
H20 * 1.306 -0-077 -0.482 -0.078 
CH 30H 1.976 1.328 0.734 -0.011 
O-C CO 2 1.837 1.426 0.855 0.849 
C02 0.937 0.410 0.198 0.215 
without ls electrons 
Table 5.7 : Parameters for Screened Yukawa Potential 
10 
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sections). A graphical representation of the parametrised potential 
using (5.2) is provided in figure 5.8. 
5.7 Density of States for Atomic Orbitals 
The increase in the height of the potential barrier caused by the 
addition of the electrons will necessarily result in an increase in the 
number of atomic states centred on either of the two nuclei. Hence the 
value of no which corresponds to the transition from atomic to 
molecular states requires a new analysis. 
The derivation of the original formula for no assumes that the 
energies of the atomic states are given by the simple Bohr formula, 
valid for a Coulomb potential. However, the new potential in the 
vicinity of one centre is no longer a Coulomb potential, but a Yukawa 
potential. It is therefore necessary to see whether the binding 
energies can be estimated by the Bohr equation, and if not a better 
calculation is necessary. 
The constants derived from the parametrisation of V+Ee by the sum of 
two Yukawa potentials were therefore used to determine the deviation of 
the binding energies from the Bohr energies. A code written to solve 
the Schr6dinger wave equation for a particle in a Yukawa potential 1793 
was used to try to obtain the binding energies up to the barrier 
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height. The code required an initial approximation to the energy of a 
state with principal quantum number, n, and the parameter defining the 
Yukawa potential (obtained using mesoatomic units). Spherical symmetry 
was assumed for the Yukawa potential, eventhough the parametrisation of 
the potential was only known along the bond axis. With this 
information, the wave equation was solved and the correct eigenenergy 
obtained. 
Unfortunately the code was only able to provide the binding energies 
for the first five or six atomic states. The difference between these 
energies and the Bohr energies were negligible. For higher states, the 
code was unable to follow the increasing number of nodes of the 
eigenfunctions. Because the values for A and B determined in 
mesoatomic units are so small, it was decided that the Bohr formula may 
not be too inaccurate, and so it was used in absence of a better 
approximation. 
If (V+Ee)max is the height of the potential barrier including the 
effect of the electrons, then the value of no for the heavier of the 
two nuclei (Z) can be found -from 
(V+Ee)max (Z/n) 
2 
/2 - a'IR 
where a' is the part of the nuclear charge of the lighter nuclei (ZI) 
which is not screened by the electrons, 
99 
ie. a' = 61 
81 is the sum of Mulliken charges on ZI, and R is the internuclear 
separation. no is given by a similar expression for the lighter 
nucleus, 
(V+E 
e)max =- (ZI/n) 
2 
/2 - aIR (5-7) 
Usually there is no charge from the second nucleus (a=0) since it is 
totally screened by the electrons. However, if the ls electrons are 
removed, some of the nuclear charge becomes exposed, and must be 
considered. From the values of the barrier heights in table 5.5, 
values of no were re-calculated for the bonds extracted from the 
different molecules. The calculations were done using mesoatomic units 
as the binding energies are given in these units. The results are 
tabulated in table 5.8 and the density of the atomic states are 
presented in figure 5.9 for the bonds taken from group A molecules. 
The density of states for the original system without electrons are 
also presented for comparison. The energies were calculated using the 
code described in section 5.1. 
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Bond Molecule or no (Z) no(ZI) 
Z-Z I 
H-H H2 0.0000 0.0000 11 11 
C-H CH4 0.0000 0.1843 87 14 
CH4 1.2617 0.1843 48 10 
CH 30H 0.0000 0.1911 76 13 
N-H NH 3 0.0000 0.2887 92 12 
NH 3* 1.1333 0.2887 53 9 
N2H4 - 0.0000 0.3079 86 12 
O-H H20 O. OODO 0.3859 94 11 
H20 * 1.2276 0.3859 58 8 
CH 30H 0.000 0.3827 90 
O-C C02 0.0000 0.5867 74 52 
C02 
------- - - - 
1.7060 2.5861 45 33 
without 
- - - 
is electrons 
Table 5.8 : Re - Calculation of no 
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5.8 Perturbation Calculations 
The Schr6dinger wave equation (4-32) can no longer be solved by the 
same series expansions used to solve the two-centre problem without 
electrons because the potential term in the Hamiltonian is different 
from that of equation (4.12). Furthermore, the potential Ee is known 
exactly for a limited number of discrete values. If spherical symmetry 
is assumed, as in the preceding section, Ee can be best expressed by a 
sum of two Yukawa potentials. Unfortunately, a consequence of such a 
parametrisation is that the wave equation can no longer be separated 
using confocal elliptic coordinates, thus making the solution very 
difficult. 
An estimation of the change in the pion energy, SW, at internualear 
separations corresponding to the bond lengths of. the two-centre 
systems, can be found by using first order perturbation theory. If Ee 
is considered as a small perturbation, then SW is given by 
, 5W = 
fdT 
Jul 
2E 
(5-8) 7r 
where Ee can be written as the difference between the parametrised form 
of (V+E e) and the Coulomb potentials (using parameters obtained in 
mesoatomic units), ie. 
Ee 
-z - (2 /r )exp(-Ar, )- (Z /r, 
)exp(-Br )- V(r ) 
1 ei 22 7r 
(5-9) 
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The assumption that Ee is a small perturbation is strictly not valid, 
except close to the centres. However, the calculation. of SW can give 
some idea of the effect of the electrons on the pion energy. A few 
calculations are listed in table 5.9. The solutions described in 
section (5.4) were used as the zero-order wavefunctions. 
108 
Bond Molecule R/a 7r n m B. E. /W 7T '5W/W7r 
H-H H2 357 10 0 0 -7-058xlo-3 7.487xlo-3 
1 0 0 -0-502 7.772xlo-3 
C-H CH 4 558 30 0 0 -2,273x10-2 4.664x10-2 
20 0 0 -4.654x10-2 4.713X10-2 
10 0 0 -0.182 4.75800-2 
N-H NH 3 518 30 0 0 -3-05900-2 5.719X10-2 
20 0 0 -6.29200-2 5-77100-2 
10 0 0 -0.247 5.82300-2 
O-H H 20 490 30 0 0 -3.71000-2 
6.89400-2 
20 0 0 -8-17800-2 6.95800-2 
10 0 0 -0-322 7.018X10-2 
O-C CO 2 596 30 0 0 -4.612xlo-2 5. i1oX10-2 
20 0 0 -9-774xio-2 5.283xlo-2 
10 0 0 -0-330 5.560xio-2 
Table 5.9 : Perturbation Calculations 
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Chapter 6 
Discussion and ConcLusions 
The use of codes originaLLy deveLoped to investigate one eLectron 
diatomic systems provided a satisfactory method of generating 
two-centre pion eigenenergies and wavefunctions. The codes were more 
accurate and efficient at the smaLLer internucLear separations and the 
Low quantum numbers for which they were originaLLy written. They 
required greater care when used for pionic systems, especiaLLy in the 
case of non-identicaL nucLei, where quasi-crossings were a potentiaL 
source of error. The probLem of quasi-crossings was most severe for 
the higher quantum states, where the energy separation between LeveLs 
becomes very smaLL. 
The existence of bonding states for the H-H system was res; ricted to 
the circuLar and near-circuLar states as shown in tabLe 5.1 (using 
united atom quantum numbers). A pion cascading through the moLecuLar 
energy LeveLs wiLL prefer, to occupy the bonding states, as opposed to 
the anti7bonding states, since the former are of Lower energy. The 
united atom and separated atom quantum numbers were examined to see if 
a ruLe to predict bonding states couLd be found. There was no obvious 
ruLe found other than the importance of the states with high orbitaL 
quantum numbers, as mentioned above. 
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The absence of bonding states for the non-identicaL pairs of centres 
chosen, suggests that for heteronucLear systems, the pion wavefuncti-on 
is centred on one of the two nucLei, usuaLLy the heavier of the two. 
The homonucLear system C-C was examined -for bonding states, and indeed 
they were found to exist. The Lack of bonding states for -the 
heteronucLear systems does *not excLude the formation of moLecuLar 
orbitaLs, which, by definition onLy require an energy above the barrier 
height. Moreover, the extent of the wavefunctions of some of the 
heteronucLear systems is sufficientLy Large to contribute an important 
pion density in the region of the Lighter nucLeus.. 
The caLcuLations of the binding energy and average kinetic energy tff 
pions -for different LeveLs of -the H-H -system (t-abLe -5.2) show -the 
decrease in -energy of-the-pion with -increasing quantum numbers. 7here 
is a simiLar decrease for the nucLear vibrationaL, energy,.. which is due 
to the shaLLower minima -of the energy curves of the higher states. 7he 
ratio between the nucLear vibrationaL energy and the average kinetic 
energy of the pion ýras caLcuLated to be Less than about 10 percent 
(with the exception of the ground state) which compares-favourabLy with 
the ratio obtained. for-the ground state of the hydrogen moLecuLar ion. 
From these resuLts, it is possibLe -to argue the vaLidity of the 
Borrr-Oppenheimer approximation 'for -pionic systems. If however 
eigenenergies and wavefunctions are required with better. accuracy, -the 
extra term in (4.7) -must cLearLy be taken into account. 'The 
Borr-r-Oppenheimer approximation is more LikeLy -to faiL for the +I-H 
system than for the other systems considered, because it has a vuch 
Lower reduced mass. Hence if any bonding states exist for the 
ill 
heteronucLear pairs (and were missed in the anaLysis), the nucLear 
vibrationaL energies are LikeLy to be very smaLL. Furthermore, the 
binding energies and the average kinetic energies of the heteronucLear 
systems are greater, for equivaLent quantum states, than for the H-H 
system. 
The anaLysis presented so far ignores the presence of the eLectrons 
associated with the bonds examined. ELectrons are not comprehensiveLy 
considered in aLL the reLevant Literature -to date, aLthough their 
imoortance is generaLLy acknowLedged when expLaining moLecuLar effects. 
"The Gaussian basis set used to generate eLectron. wavefunctions for 
two-centre systems was very usefuL as the -tabLes of coefficients and 
exponents covered an extensive range of moLecuLes. 'The main 
disadvantage was that the-wavefunctions were onLy tabuLated-for a-fixed 
bond Length, which restricted the 
potentiaL to one vaLue of the 
caLcuLations of -the piorr-eLectron 
centre separation. The eLectron 
densities of simiLar bonds extracted -from different moLecuLes (ie. 
C-H, N-H and O-H in group A and group B moLecuLes) differed onLy 
sLightLy because different moLýcuLes onLy provided different MuLLiken 
charges, whiLe the contractions remain -the same. Hence the information 
obtained from considering equivaLent bonds was Limited. MoLecuLar 
effects can onLy be anaLysed if the eLectron -wavefunctions -from 
neighbouring centres (of -the compLete moLecuLe) are aLso considered, 
but this wouLd require a many-centre formuLatidn of the probLem. 
The contour pLot"s of the pion-eLectron potentiaL (figures 5.3 and 
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5.4) show cLearLy that the eLectrons can not be omitted in a correct 
anaLysis, as the magnitude of Ee is comparabLe with pion-nucLear 
potentiaL in aLL space, except very cLose to the nuc Lear positions. The 
pion-eLectron potentiaL for the two-centre systems with significantLy 
different-nucLei (C-H, N-H and O-H) show that the potentiaL resuLting 
from the hydrogen atom is dwarfed by the potentiaL resuLting from the 
heavier atom. For these systems, the pion-nucLear potentiaL aLong -the 
bond axis is essentiaLLy asymmetric between the two centres. However. 0, 
the addition of the two potentiaLs (V+E e) resuLts 
in a more symmetric 
totaL potentiaL (figures 5.5 and 5.6).. 
The important consequence of adding -the'-pion-eLectron potentiaL -is 
the substantiaL increase in -the barrier height from -the originaL 
barrier height of the pion-nucLear. -potentiaL (tabLe5.5).. The energy 
range avaiLabLe -for the formation of moLecuLar orbitaLs -is hence 
greatLy reduced, and the formation of atomic LeveLs cLose to the 
barrier- height becomes more important. 'The increase in barrier height 
is simiLar for equivaL-ent bonds from group A-and group 8 moLecuLes. 
The caLcuLations of'E e without 
the ls eLectrons (ligure 5.7) show 
the important contribution of these eLectrons to the pion-eLectron 
potentiaL cLose to the centre positions. 'The removaL of the ls 
eLectrons resuLts -in a Lower barrier height-than wouLd be obtained i-f 
they were incLuded. 'These catcuLations are aLso usefuL as they can be 
used to heLp understand the effect of eLectron refiLLing. on the 
caLcuLations. If eLectron refiLLing is assumed to be instantaneousp 
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then aLL the eLectrons must be incLuded in the caLcuLations of E es 
However some evidence exists for a reduced refiLLing rate 'of the lz 
eLectrons which may be converted into a reduction of the number of core 
eLectrons over a time average 183. The reduced refiLLing rates quoted 
by Hartmann [83 refer to atoms of greater atomic number than aLuminium. 
Hence vaLues for atoms present in the two-centre systems used above are 
not known. Furthermore, the refiLLing rates were caLcuLated-for atoms 
and not for moLecuLes. RefiLLing rates for moLecuLes, wouLd be expected 
to be faster than for atoms, because of the greater. number of eLectrons 
present. A good estimation of the effect of eLectron refiLLing-is 
therefore LikeLy to be somewhere in between the caLcuLations incLuding, 
and excLuding-the ls eLectrons. 
'The omission of-the vaLence eLectrons-from -the caLcuL-ations of I ep 
show how -these eLectrons have L-ittLe effect cLose to -the -centres and a 
_Larger 
effect away from -the centres. "The overaLL effect of removing 
-the vaLence eLectrons is Less than -that obtained-from removing the core 
eLectrons because there is a greater concentration of charge density on 
the Latter. 
The parametrisation of the totaL potentiaL (V+E e) 
by the sum-of two 
Yukawa potentiaLs or -the sum of two screened Yukawa potentiaLs. 
provides a good, description of the potentiaL aLong the bond axis. 'The 
parametrised form of the potentiaL was used for further caLcuLations 
where it was necessary to assume sphericaL symmetry. ALthough not 
exact, this approximation is a usefuL simpLification and it is-not 
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totaLLy incorrect since. a certain amount of symmetry aLready exists -for 
the pion-nucLear potentiaL and the eLectron densities. A more accurate 
parametrisation wouLd require the caLcuLation of Ee at many more vaLues 
in space. The variation of the parameters in (5.2) and (5.3) for 
equivaLent bonds in group A and group 8 moLecuLes is significant, 
aLthough the extraction of the bonds from the compLete moLecuLe resuLts 
in the Loss of much of the information about the orignaL eLectron 
environment. 
Another important consequence of incLuding the pion-elec-tron 
interaction is the creation of a Large number of atomic states cLose to 
the barrier -height. ln -the-previous caL-cuLations without eLectrons, 
the density of states cLose -to the barrier-was-not sufficient enough-to 
make-the proposed mechanism of hydrogen -tr. ansfer an important process 
(figure. 5.9).. However, if-the eLec-trons are incLuded, the barrier is 
pushed up and more atomic states are present.. In -the case of H-H,. -the 
net effect of hydrogen transfer wiLL be canceLLed out on account of the 
symmetry of the LeveLs. on the other hand, for C-H, N-H and O-H the 
probabiLity of hydrogen transfer is greatLy enhanced by the near 
continuum of states for the centre with the Larger atomic number. 
Since the density of states for hydrogen is much Less, -the tunneLLing 
process wiLl be uni-directionaL. For O-C., -the density of states -for 
the two centres are not too different and so the net effect wiLL -be 
much Less pronounced than for the systems containing hydrogen. 
The caLcuLations of the binding energies of the atomic states were 
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very approximate, and in reality the values of n 01 
in table 5.8 should 
be Lower, since the electrons will sLighty reduce the pion binding 
energy. n0 would be further reduced if a reduced refilling rate was 
used. Also shown in table 5.8 are the predicted values of n OR 
excluding the ls electrons from the calculations. Nevertheless, even 
at these Lower values, the density of states would still favoun. ise 
hydrogen transfer. - There is Little apparent sensitivity in the values 
of n0 for hydrogen belonging to equivalent bonds in group A and group B 
molecules, although the values of (V+E e) max and a' 
differ. 
The perturbation caLcuLations show that -the higher quantum states 
cLose-to the potentiaL barrier are those which are most affected by-the 
addition of eLectrons. The Lower quantum states have binding energies 
which are at Least an order of magnitude greater -than the energy change 
calcuLated. The higher states have binding energies comparabLe to (il 
not Less -than) the energy change. For -these states, higher order 
perturbation is cLearLy needed as-the approximation that E i. s-a smaLL e 
perturbation, 'is no Longer adequate. For such caLcuLations, higher 
order wavefunctions are necessary. 
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To concLude, the work covered in this thesis has considered the 
formation of picnic moLecuLar orbitaLs and the process of hydrogen 
transfer for different two-centre systems. It was shown that energies 
and wavefunctions for the systems, not incLuding the presence of 
eLectrons, can be obtained using theory appLicabLe -to one-eLectron 
diatomic moLecuLes. A cLassification was made 'for the bonding -and 
antibonding states, and for -the former, the ratio between the nucLear 
vibrationaL energy and the pion average kinetic energy was caLcuLated. 
The ratio was demonstrated to be sufficientLy smaLL to justi-fy the 
assumption of-the Born-Oppenheimer approximation. 
The omission of -the pion-eLectron interaction -in previous -treatment 
of pionic systems was -found to be inaccurate as the magnitude ol-the 
potentiaL arising -from -this -interaction was comparabLe to -the 
pion-nucLear potentiaL, and can not be ignored. The main consequence 
of incLuding the eLectrons was the substantiaL increase in the barrier 
height, and reduction in energy range avaiLabLe for the formation of 
moLecuLar orbitaLs. The increase in number of the atomic states cLose 
to the potentiaL barrier was aLso observed. The resuLting density of 
states supported a proposed modeL of hydrogen transfer which invoLves 
tunneLLing across the potentiat barrier. 'The uni-directionaL character 
of transfer between hydrogen and a heavier atom was verified by this 
modeL, and the process was shown to be absent for systems of identicaL 
centres, and Less important for systems of simiLar centres. 
'The totaL potentiaL (V+E e) was parametrised aLong 
the bond axis by 
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the sum of two Yukawa potentiaLs, and the functionaL form of the 
potentiaL was used to investigate the change in energy of the pionic 
LeveLs, as a resuLt of the addition of eLectrons. First order 
perturbation theory was used, and it was concLuded that the states 
cLose to the potentiaL barrier require higher order caLcuLatiDns, 
whereas the tightLy bound atomic LeveLs are onLy sLightLy perturbed. 
Future work in-the fieLd of, pionic two-centre systems must -attempt 
to soLve the Schr6dinger wave equation which incLudes both -the 
pion-nucLear and the pion-eLectron poýentials -in the HamiLtonian, so as 
to obtain an accurate description of pionic wavefunctions and energies. 
In order -for such an anaLysis -to be performed comprehensiveLy, the 
pion-eLectron potentiaL must be evaLuated as a -function of internucLear 
separation, and not onLy -for a fixed bond Length. IdeaLLy, a 
many-centre probLem shouLd be considered so as to gain maximum insight 
into subtLe moLecuLar effects. 
At-present.. research into pion interactions with atoms and moLecules 
is being continued in the Department of Physics, with emphasis -on 
atomic cascade caLcuLations, the charge exchange reaction and capture 
ratio measurements. It is hoped that a 'combination of aLl these 
studies wiLL resuLt in a greater understanding of the processes 
invoLved in pi-onic interactions with matter. 
a 
i 
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Appendix A 
Derivation of PrincipaL Quantum Number Corresponding 
to Transition from MoLecuLar to Atomic LeveLs 
The potentiaL feLt by a pion in a two-centre system is 
v=-z-. z, (A. 1) 
r 
where r and rl are the distances between the pion and the two nucLei of 
charge Z and V. If the pion Lies on the internucLear axis between Z 
and ZI, so that R=r+ rl, then 
R- r 
(A. 2) 
For a maximum vaLue of V, the usuaL condition aVlar =0 is required, 
which resuLts in 
(V /Z) 1/2 )* (A. 3) 
and 
v 
max =- 'C 
lz + 'Z' >2/R (A. 4) 
The energy of a pionic LeveL around Z as R tends to infinity is given 
by 1803, 
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E(n) =-1 Uln)2 - Z' (A. 5) 
Thus the LeveL n0 corresponding to the transition between moLecuLar and 
atomic LeveLs is given approximateLy by, 
E(n 
0) = 
Vmax (A. 6) 
which after rearranging yieLds, 
noCZ) =C ZR / C2( 1+ 2CZI/Z) 
1/2 )3 31 /2 (A. 7) 
a, 
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Appendix B 
The AnaLysis of Pion Charge Exchange 
Reactions on Bound Hydrogen Using the 
MesomoLecuLar ModeL 
For a moLecuLe of the type Z kHm. * Let bm be the number of pions 
captured on hydrogen not Leading to transfer. Thus if it is assumed 
that the charge exchange reaction and radiative capture are the onLy 
two nucLear processes which can take pLace after capture by hydrogen, 
and that the Panofsky ratio is 1.5, then the probabiLity of the charge 10 
exchange reaction occurri'ng is, 
PCE c 0.6 bm 
N'+ bm 
where N is the capture probabiLity on Z, which is given by (2.20). 
Since a pion captured by hydrogen is either transferred to Z or 
experiences a nucLear reaction, 
bm + m8a =m (B. 2) 
or 
b+ Sa aI (B. 3) 
From (B. 1) and (B. 3) vaLues of b and a can be determined uniqueLy. 
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The moLecuLes used in this anaLysis are presented in tabLe B. 1 
together with experimentaL vaLues of charge exchange probabiLities 
[4,33,34,353. The first group of CkHm moLecuLes are saturated 
hydrocarbons and the other group are unsaturated hydrocarbons. 
The orobabiLity of de-excitation from a moLecuLar LeveL to an atomic 
LeveL, w, can be caLcuLated exactLy as a function of -the 
etectronegativity and the percentage ionic character of -the bonds 
present [403. This vaLue is cLose -to unity for aLL the tabuLated 
moLecuLes with the exception of UH, -for which w 0.841 was used. 'The 
reason for this departure is-that LiH has a Large eLectronegativity-o-f 
H compared to Li,. which resuLts in. a -fLow ol charge onto the hydrogen 
atom and a dipote of direction 
The caLcuLated vaLues of b. a, ba and bl 
3 /v (where v is the number 
of vatence etectrons) are presented in tabLe B. Z. 
The vaLue of b is smaLL compared to that of a. 'This impLies -that 
hydrogen transfer is more important than nucLear capture. when a pion is 
captured by bound hydrogen. This resuLt is especiaLLy true for the 
atoms with a singte vatency. A Low vaLue of b means -that -the 
probabiLity of a pion reaching the Lowest atomic LeveLs in hydrogen, 
where-nuctear absorption takes pLace, is very- sLight. For -the 
saturated hydrocarbons, the probabiLity of a nucLear process occurring 
is significantLy greater than for the unsaturated hydrocarbons. 'The 
122 
reason for this is that saturated hydrocarbons have sp 
3 hybrid orbitaLs 
with Longer bond Lengths and weaker bond strengths than the sp 
2 hybrid 
orbitaLs of the unsaturated hydrocarbons. Hence hydrogen transfer is 
LikeLy to be Less important in the former. The variation in b for 
moLecuLes with the same atomic number Z, suggests that the nucLear 
capture process is sensitive to moLecuLar structure. From the vaLues 
of bZ3/ v for those moLecuLes containing onLy one heavy atom, b seems to 
show a Z-3 dependence for Z< 10. FinaLLy, the average vaLues of 
aC=0.123, aN=0.183 and a0=0.326 agree weLL with those previousLy 
deduced 1303, impLying that the modeL can be consistentLy used -to 
describe ihe charge exchange reaction. 
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Molecule Z P CE 
(X lö-3) 
ME 3 35 4 
CH 4 6 26.7 0.5 
C2116 6 20.6 0.9 
c 5E12 6 15.9: L 0.6 
C6%4 6 16.6 - 0-5 
C1A6 6 14.2. e o. 6 
CA 4 
6 9.87 L 0.30 
CA 6 3-90 0.30 
C1A0 6 2.76 0.31 
c 1A4 6 2.76 + 0.31 
C1J8 6 2.00 ý;. 0.15 
7 14,2 0.9 
N2134 7 6.5 0.5 
ý20 8 3.5 o. 6 
1a202 8 0.62+ 0.13 
EF 9 0.66+ 0.08 
NaR 11 2.4: L 0.4 
im ig 0.28 + 0-05 
C8E2 20 2.5 t. 0-3 
Table B. 1 : Experimental Values for P CE 
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Molecule ba ba 'bZ3 /V 
UH 0.273. ± 0.033 0.727 ± 0.033 0.727 7.88 
CH 4 
C2% 
c 51ý2 
C6El4 
ClA6 
c 2H4 
C06. 
c 12EýO 
c 1014 
C10% 
NH 3 
112H4 
E20 
]a 202 
EF 
van 
KH 
CaIL,, 
0.156 + 0.003 
0.149 o. oo6 
0.137 0.005 
0.146 + 0.004 
0.133 ± 0.006 
0.099 :L0.003 
0.072 + 0.005 
0.060 + 0.007 
0.064 0-007 
0-045 0-003 
0.121 . 0004 
0.122 0.001 
0,124 0.001 
0.122 0.001 
0.124 0.001 
0.129 . 0004 
0.133 0.001 
0.135 0.001 
0.134 0.001 
0.137 -0004 
0.844 8-42 
0.851 8.05 
0.863 7.40 
0.854 7.88 
o. 867 7-18 
0.901 5.35 
0,928 3.89 
0.940 3.24 
0.936 3-46 
0.955 2.43 
0.103 + 0.007 
0.065 0.005 
0.035 o. oo6 
0.012 + 0.002 
0.013 ± 0-001 
0.052 + 0*009 
0.010 + OoOO2 
0.050 ± 0.006 
01180 + 0.001 
0.187 ± 0.001 
0.322 + 0,002 
0.330 + 0-001 
0.987 0-001 
0.948 0-009 
0.990 + 0.002 
0.317 + 0.002 
0.897 n-78 
0.935 7.43 
0.965 8.96 
0.988 3.07 
0-987 9.47 
0-948 69.2 
0.990 68.6 
0.950 200 
S. 
Table B. 2 : Parameters Deduced From Experimental Values of P CE 
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Appendix C 
NumericaL Differentiation and Integration 
C. 1 NumericaL Differentiation 
The derivative of a function f(x) at x=X can be found if the vatues 
of f(x) are known- at (X-4h), (X-3h),..., X, oe, (X+3h) and (X+4h). 
The derivative at X can be written as, 
4 
fIMZ pi f (X+i h) 
iz-4 
(C. 1) 
where the coefficients pi are to be determined. By expressing f(x) as 
powers of (r-X), ie. 
f(x) =1 so that fl(x) = 
f(x) = (x-X) so that fl(x) 1 ..... 
f(x) = (x-X) 
8 
so that fIW B(x-X) 
and substituting the conditions into C. 1, nine simuLtaneous equations 
are obtained which can be represented in matrix form by, 
A. P =R (C. 2) 
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where A is the matrix, 
1 1 1 1 1 1 1 1 1 
-4 -3 -2 -1 0 -1 2 3 4 
16 9 4 1 0 1 4 9 16 
-64 -27 -8 -1 0 -1 8 27 64 
256 81 16 1 0 1 16 81 256 
-1024 --243 -32 -1 0 -1 32 243 1024 
4096 729 64 1 0 1 64 729 4096 
-16384 -2187 -128 -1 0 -1 128 2187 16384 
65536 6561 256 1 0 1 256 -6561 . 65536 
R is the coLumn matrix 
0 
1/h 
0 
0 
0 
0 
0 
0 
0 
and P is a coLumn matrix with the coefficients pi. The -matrix -for P 
can be found by 
A-l. R (C. 3) 
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11, a 
The NAG subroutine F04AAF was used to invert. the matrix A by Crout's 
factorisation method. 
The coefficients obtained were, 
P-4 =1 /280h 
p- 1 = -4/5h 
P2 = -1/5h 
P-3 = -4/105h 
po =0 
P3 = 4/105h 
p_2 1/5h 
p, 4/5h 
P4 --l /280h 
The above equation --for the derivative at x=X is correct -for any : sert 
of equaLLy -spaced data points. which can be -fitted by an eigth-order 
poLynomiaL. 
C. 2 NumericaL Integration 
Integration over the A coordinate was performed using n point 
Gauss-Laguerre quadrature which approximates the integraL, 
CD 
f f(x) dx 
by the summation, 
n 
EW i-f (x i) j=1 
where wi and xi are the Gaussian weights and abscissae. This type, r)f 
integration is exact for a function of the form, 
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n-1 
f(x) = exp(-bx) ýc Ix 
The weights and abscissae can be obtained from the subroutine DOIBBF of 
the NAG Library. NumericaL integrations over the u and 0 coordinates 
were caLcuLated using Gauss-Legendre quadrature for which the summation 
approximates an integraL of the type, 
b 
ff (x) dx 
a 
and is exact for a function of the form, 
n-I 
C. xi f (x) =ý. I 
Again the coefficients can be found using D01BBF. 
The three-dimensionaL integraLs were evaLuated by using the NAG 
subroutine DOIFBF which essentiaLLy performs a summation over three 
variabLes. 
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